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Abstract. In complex geometry, irreducible holomorphic symplectic varieties,
also known as compact hyper-Kähler varieties, are natural higher-dimensional
generalizations of K3 surfaces. We propose to study such varieties defined over
fields of positive characteristic, especially the supersingular ones, generalizing
the theory of supersingular K3 surfaces.

In this work, we are mainly interested in the following two types of
symplectic varieties over an algebraically closed field of characteristic p > 0,
under natural numerical conditions:
(1) smooth moduli spaces of semistable (twisted) sheaves on K3 surfaces,
(2) smooth Albanese fibers of moduli spaces of semistable sheaves on abelian

surfaces.
Several natural definitions of the supersingularity for symplectic varieties are
discussed, which are proved to be equivalent in both cases (1) and (2). Their
equivalence is expected in general.

On the geometric side, we conjecture that unirationality characterizes
supersingularity for symplectic varieties. Such an equivalence is established in
case (1), assuming the same is true for K3 surfaces. In case (2), we show that
rational chain connectedness is equivalent to supersingularity.

On the motivic side, we conjecture that algebraic cycles on supersingular
symplectic varieties are much simpler than their complex counterparts: its
rational Chow motive is of supersingular abelian type, the rational Chow ring
is representable and satisfies the Bloch–Beilinson conjecture and Beauville’s
splitting property. As evidence for this, we prove all these conjectures on
algebraic cycles for supersingular varieties in both cases (1) and (2).
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1. Introduction

This paper is an attempt to generalize to higher dimensions the beautiful theory
of supersingular K3 surfaces.

1.1. Supersingular K3 surfaces

Let S be a K3 surface over an algebraically closed field k of characteristic p >
0. On the one hand, S is called Artin supersingular if its formal Brauer group

B̂r(S) is the formal additive group Ĝa (see [5], [6] or § 3.2), or equivalently, the
Newton polygon associated to the second crystalline cohomology H2

cris(S/W (k)) is
a straight line (of slope 1). On the other hand, Shioda [87] has introduced another
notion of supersingularity for K3 surfaces by considering the algebraicity of the
�-adic cohomology classes of degree 2, for any � �= p: we say that S is Shioda
supersingular if the first Chern class map

c1 : Pic(S)⊗Q
 → H2
ét(S,Q
(1))

is surjective; this condition is independent of �, as it is equivalent to the maxi-
mality of the Picard rank, i.e., ρS = b2(S) = 22. It is easy to see that Shioda
supersingularity implies Artin supersingularity. Conversely, the Tate conjecture
[90] for K3 surfaces over finite fields, solved in [71], [70], [62], [19], [58], [20] and
[45], implies that these two notions actually coincide for any algebraically closed
fields of positive characteristic, cf. [57, Theorem 4.8]:

Shioda supersingularity ⇔ Artin supersingularity. (1)

Supersingularity being essentially a cohomological notion, it is natural to look
for its relation to geometric properties. Unlike complex K3 surfaces, there exist
unirational K3 surfaces over fields of positive characteristic; the first examples were
constructed by Shioda in [87] and by Rudakov–Šafarevič in [82]; then Artin [5]
and Shioda [87] observed that unirational K3 surfaces must have maximal Picard
rank 22, hence are supersingular. Conversely, one expects that unirationality is a
geometric characterization of supersingularity for K3 surfaces:

Conjecture 1.1 (Artin [5], Shioda [87], Rudakov–Šafarevič [82]). A K3 surface is
supersingular if and only if it is unirational.

This conjecture has been confirmed over fields of characteristic 2 by Rudakov–
Šafarevič [82] via the existence of quasi-elliptic fibration. See also [56], [16] and
[17] for recent progress. Let us also record that by [27], the Chow motive of a
supersingular K3 surface is of Tate type and in particular that the Chow group
of 0-cycles is isomorphic to Z, which contrasts drastically to the situation over
the complex numbers, where CH0 is infinite dimensional by Mumford’s celebrated
observation in [67].

1.2. Symplectic varieties

We want to investigate the higher-dimensional analogues of the above story for
K3 surfaces. In the setting of complex geometry, the natural generalizations of K3
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surfaces are the irreducible holomorphic symplectic manifolds or equivalently, com-
pact hyper-Kähler manifolds. Those are by definition the simply connected compact
Kähler manifolds admitting a Ricci flat metric such that the holonomy group is
the compact symplectic group. Together with abelian varieties (or more gener-
ally complex tori) and Calabi–Yau varieties, they form the fundamental building
blocks for compact Kähler manifolds with vanishing first Chern class, thanks to
the Beauville–Bogomolov decomposition theorem [11, Théorème 2]. Holomorphic
symplectic varieties over the complex numbers have been studied extensively from
various points of view in the last decades. We refer to the huge literature that
exists for more details [11], [39], [36, Part III].

In positive characteristic, there seems to be no accepted definition of symplec-
tic varieties (see however [20] and [96]). In this paper, we define them as smooth
projective varieties X defined over k with trivial étale fundamental group and
such that there exists a symplectic (i.e., nowhere-degenerate and closed) algebraic
2-form (Definition 3.1). When k = C, our definition corresponds to products of
irreducible holomorphic symplectic varieties.

The objective of this paper is to initiate a systematic study of supersingular
symplectic varieties: we will discuss several natural definitions for the notion of
supersingularity, propose some general conjectures and provide ample evidence for
them.

1.2.1. Notions of supersingularity. The notion(s) of supersingularity, which is sub-
tle for higher-dimensional varieties, can be approached in essentially two ways (see
§ 2): via formal groups and F -crystal structures on the crystalline cohomology as
Artin did [5], or via the algebraicity of �-adic or crystalline cohomology groups as
Shioda did [87]. More precisely, a symplectic variety X is called

• 2nd-Artin supersingular, if the F -crystalH2
cris(X/W (k)) is supersingular, that

is, its Newton polygon is a straight line. Artin supersingularity turns out to be

equivalent to the condition that the formal Brauer group B̂r(X) is isomorphic

to Ĝa, provided that it is formally smooth of dimension 1 (Proposition 3.6).
• 2nd-Shioda supersingular, if its Picard rank ρ(X) is equal to its second Betti
number b2(X). Or equivalently, the first Chern class map is surjective for the
�-adic cohomology for any � �= p.

The two notions are equivalent assuming the crystalline Tate conjecture for
divisors (note that one can reduce to the finite field case by using the crystalline
variational Tate conjecture for divisors proved by Morrow [64]). The reason of using
the second cohomology in both approaches is the general belief that for a sym-
plectic variety, its second cohomology group equipped with its enriched structure
should capture a significant part of the information of the variety up to birational
equivalence, as is partially justified by the Global Torelli Theorem over the field
of complex numbers [92, 60, 41]. We will introduce nevertheless the notions of full
Artin supersingularity and full Shioda supersingularity which concern the entire
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cohomology ring of X . Roughly speaking, the former means that the Newton poly-
gons of all crystalline cohomology groups are straight lines; the latter says that any
cohomology group of even degree is spanned rationally by algebraic classes and any
cohomology group of odd degree is isomorphic as F -crystal to the first cohomology
of a supersingular abelian variety. See Definitions 2.1 and 2.3 respectively.

Inspired by the results for K3 surfaces discussed before in § 1.1, we propose
the following conjecture, generalizing the equivalence (1) as well as Conjecture 1.1.
As will be explained later in § 2 and § 3, all the listed conditions below are a priori
stronger than the 2nd-Artin supersingularity.

Conjecture A (Characterizations of supersingularity). Let X be a symplectic va-
riety defined over an algebraically closed field k of positive characteristic. If it is
2nd-Artin supersingular, then all the following conditions hold:

• (Equivalence conjecture) X is fully Shioda (hence fully Artin) supersingular.
• (Unirationality conjecture) X is unirational.
• (RCC conjecture) X is rationally chain connected.
• (Supersingular abelian motive conjecture) The rational Chow motive of X

is a direct summand of the motive of a supersingular abelian variety.

The Tate conjecture implies the equivalence between the 2nd-Artin super-
singularity and 2nd-Shioda supersingularity; while the equivalence conjecture pre-
dicts more strongly that the supersingularity of the second cohomology implies
the supersingularity of the entire cohomology. The unirationality conjecture and
the RCC conjecture can be viewed as a geometric characterization for the coho-
mological notion of supersingularity. The supersingular abelian motive conjecture
comes from the expectation that the algebraic cycles on a supersingular symplectic
variety are “as easy as possible”.

By the work of Fakhruddin [27], having a supersingular abelian motive implies
that the variety is fully Shioda supersingular (see Corollary 2.12). Therefore we can
summarize Conjecture A as follows: the notions in the diagram of implications in
Figure 1 below are all equivalent for symplectic varieties. Some of the implications
in Figure 1 are not obvious and will be explained in § 2 and § 3.

1.2.2. Cycles and motives. Carrying further the philosophy that the cycles and
their intersection theory on a supersingular symplectic variety are as easy as pos-
sible, we propose the following conjecture, which is a fairly complete description
of their Chow rings. Recall that CHi(X)alg is the subgroup of the Chow group

CHi(X) consisting of algebraically trivial cycles. Denote also by CH
i
(X)Q the ith

rational Chow group modulo numerical equivalence. There is a natural epimor-

phism CH∗(X)Q � CH
∗
(X)Q.

Conjecture B (Supersingular Bloch–Beilinson–Beauville Conjecture). Let X be a
supersingular symplectic variety defined over an algebraically closed field k. Then
the following conditions hold:
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Supersingular
abelian motive

Fully Shioda
supersingular

2nd-Shioda
supersingular

Fully Artin
supersingular

2nd-Artin
supersingular

RCCUnirational

Figure 1. Characterizations of supersingularity for symplectic varieties

(i) Numerical equivalence and algebraic equivalence coincide on CH∗(X)Q:

CH∗(X)alg,Q = ker(CH∗(X)Q � CH
∗
(X)Q).

In particular, the Griffiths groups of X are of torsion.
(ii) For any 0 ≤ i ≤ dim(X), there exists a regular surjective homomorphism

νi : CH
i(X)alg → Abi(X)(k)

to the group of k-points of a supersingular abelian variety Abi(X) of dimen-
sion 1

2b2i−1(X), called the algebraic representative, such that νi has finite

kernel and it is universal among regular homomorphisms from CHi(X)alg to
abelian varieties.

(iii) There is a multiplicative decomposition

CH∗(X)Q = DCH∗(X)⊕ CH∗(X)alg,Q, (2)

where DCH∗(X), called the space of distinguished cycles, is a graded Q-
subalgebra of CH∗(X)Q containing all the Chern classes of X. In particular,

the natural map DCH∗(X)→ CH
∗
(X)Q is an isomorphism.

(iv) The intersection product restricted to the subring CH∗(X)alg is zero. In par-
ticular, it forms a square zero graded ideal.

In other words, the Q-algebra CH∗(X)Q is the square zero extension of a graded

subalgebra isomorphic to CH
∗
(X)Q by a graded module Ab∗(X)(k)Q. In particular,

if all the odd Betti numbers vanish, then the natural map CH∗(X)Q → CH∗(X)Q
is an isomorphism and the rational Chow motive of X is of Tate type.

As a consequence of Conjecture B, the space DCH∗(X) provides a Q-vector
space such that for all � �= p, the restriction of the cycle class map DCH∗(X)⊗Q

Q

�−→ H2∗(X,Q
) is an isomorphism. Moreover, the decomposition (2) is expected

to be canonical and the CH
∗
(X)Q-module structure on Ab∗(X)(k)Q should be

determined by, or be at least closely related to, the H2∗(X)-module structure on
H2∗−1(X), where H is any Weil cohomology theory.

Remark 1.2. The following remarks will be developed with more details later.
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• Conjecture B can be seen as the supersingular analogue of Beauville’s split-
ting property conjecture, which was formulated over the field of complex
numbers in [13]. See § 3.5 for the details.

• Conjecture B is implied by the combination of the equivalence conjecture,
the Bloch–Beilinson conjecture (see Conjecture 2.7 for its fully supersingular
version) and the section property conjecture 3.11 proposed in Fu–Vial [31].

• We will also show in § 2.4 that the Bloch–Beilinson conjecture for supersingu-
lar symplectic varieties is a consequence of the supersingular abelian motive
conjecture discussed above.

To summarize:

Supersingular
abelian motive
conjecture

Fully supersingular
Bloch–Beilinson conjecture

Equivalence
conjecture

Section property
conjecture

The ultimate description (Conjecture B):
Supersingular Bloch–Beilinson–Beauville conjecture

Figure 2. Conjectures on algebraic cycles of supersingular symplectic varieties

1.3. Main results

Let k be an algebraically closed field of characteristic p > 0. As in character-
istic zero, two important families of examples of (simply connected) symplectic
varieties are provided by the moduli spaces of stable sheaves on K3 surfaces and
the Albanese fibers of the moduli spaces of stable sheaves on abelian surfaces. As
evidence for the aforementioned conjectures, we establish most of them for most
of the varieties in these two series. The key part is that we relate these moduli
spaces birationally to punctual Hilbert schemes of surfaces, in the supersingular
situation.

Our first main result is the following one concerning the moduli spaces of
sheaves on K3 surfaces.

Theorem 1.3. Let S be a K3 surface defined over k. Let H be an ample line bundle
on S and X the moduli space of H-semistable sheaves on S with Mukai vector
v = (r, c1, s) satisfying 〈v, v〉 ≥ 0, r > 0 and v is coprime to p.



Supersingular irreducible symplectic varieties 153

(i) If H is general with respect to v, then X is a symplectic variety of dimension
2n = 〈v, v〉+2 and deformation equivalent to the nth Hilbert scheme of points
of S. Moreover, X is 2nd-Artin supersingular if and only if S is supersingular.

(ii) If X is 2nd-Artin supersingular, then X is irreducible symplectic and it is

birational to the Hilbert scheme S[n], where n = 〈v,v〉+2
2 . In particular, the

unirationality conjecture holds for X provided that S is unirational.
(iii) If X is 2nd-Artin supersingular, the rational Chow motive of X is of Tate

type and the natural epimorphism

CH∗(X)Q � CH∗(X)Q

is an isomorphism. In particular, the supersingular Bloch–Beilinson–Beauville
conjecture holds for X and the cycle class maps induce isomorphisms

CH∗(X)K � H∗
cris(X/W )K and CH∗(X)Q�

� H∗
ét(X,Q
)

for all � �= p.

Here, the notion of generality for H and that of v being coprime to p are
explained in Definitions 4.3 and 4.7 respectively. In fact, these conditions are the
natural ones to ensure the smoothness of X . The coprime condition is automat-
ically satisfied if p � (12 dimX − 1), see Remark 4.9. Moreover, our results also
hold for moduli spaces of twisted sheaves on supersingular K3 surfaces with Artin
invariant at most 9. See Theorem 5.9 and Corollary 5.10 in § 5.

The second main result is for moduli spaces of sheaves on abelian varieties.

Theorem 1.4. Let A be an abelian surface defined over k. Let H be an ample
line bundle on A and X the Albanese fiber of the projective moduli space of H-
semistable sheaves on A with Mukai vector v = (r, c1, s) satisfying 〈v, v〉 ≥ 2 and
r > 0. Denote 2n := 〈v, v〉 − 2.

(i) If p � (n + 1) and if H is general with respect to v, then X is a smooth
projective symplectic variety of dimension 2n and deformation equivalent to
the nth generalized Kummer variety. Moreover, X is 2nd-Artin supersingular
if and only if A is supersingular.

(ii) Assume A is supersingular and p � (n+ 1). Then X is a 2nd-Artin supersin-
gular irreducible symplectic variety and it is birational to the nth generalized
Kummer variety associated to some supersingular abelian surface A′.

(iii) Under the assumption of (ii), the supersingular abelian motive conjecture
(hence the equivalence conjecture), the RCC conjecture and the supersingular
Bloch–Beilinson–Beauville conjecture all hold for X.

In our subsequent work [28], the construction of O’Grady’s six-dimensional
symplectic varieties [74, 79], which are symplectic resolutions of certain singular
moduli spaces of sheaves on abelian surfaces, is extended to positive characteristics,
and Conjecture A and Conjecture B are proved for those varieties.
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Conventions: Throughout this paper, k is an algebraically closed field of charac-
teristic p > 0, W = W (k) is its ring of Witt vectors, Wi = W/piW is the ith
truncated Witt ring of k, and K = K(W ) = W [1/p] is the field of fractions of W .
If X is a variety defined over a field F and let L be a field extension of F , we write
XL = X ⊗F L for the base change.

2. Generalities on the notion of supersingularity

In this section, we introduce several notions of supersingularity for cohomology
groups of algebraic varieties in general and discuss the relations between them.

2.1. Supersingularity via F -crystals

Let X be a smooth projective variety of dimension n defined over k. The ring of
Witt vectors W = W (k) comes equipped with a morphism σ : W → W induced
by the Frobenius morphism x �→ xp of k. For any i ∈ N, we denote by H i

cris(X/W )
the ith integral crystalline cohomology group of X , which is a W -module whose
rank is equal to the ith Betti number1 of X . We set

H i(X) := Hi
cris(X/W )/torsion, H i(X)K = Hi

cris(X/W )⊗W K.

Then Hi(X) is a free W -module and it is endowed with a natural σ-linear map

ϕ : H i(X) → H i(X)

induced from the absolute Frobenius morphism F : X → X by functoriality.
Moreover, by Poincaré duality, ϕ is injective.

The pair (H i(X), ϕ) (resp. (H i(X)K , ϕK)) forms therefore an F -crystal

(resp. F -isocrystal), associated to which we have the Newton polygon Nwti(X)

and the Hodge polygon Hdgi(X). According to Dieudonné–Manin’s classification
theorem (cf. [59]), the F -crystal (H i(X), ϕ) is uniquely determined, up to isogeny,

by (the slopes with multiplicities of) the Newton polygon Nwti(X). Following
[59], we say that an F -crystal (M,ϕ) is ordinary if its Newton polygon and Hodge
polygon agree and supersingular if its Newton polygon is a straight line.

Definition 2.1 (Artin supersingularity). For a given integer i, a smooth projective
variety X over k is called ith-Artin supersingular, if the F -crystal (Hi(X), ϕ) is
supersingular. X is called fully Artin supersingular if it is ith-Artin supersingular
for all integer i.

Example 2.2 (Supersingular abelian varieties). Let A be an abelian variety over
k. We say that A is supersingular if the F -crystal (H1(A), ϕ) is supersingular,
i.e., A is 1st-Artin supersingular. When g = 1, this definition is equivalent to the

1By definition, the ith Betti number of X, denoted by bi(X), is the dimension (over Q�) of the
�-adic cohomology group Hi

ét(X,Q�). The Betti number bi(X) is independent of the choice of

the prime number � different from p ([24], [25], [44]).
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classical notion of supersingularity for elliptic curves: for instance, the group of p-
torsion points is trivial. We will show in § 2.4 that a supersingular abelian variety
is actually fully Artin supersingular.

2.2. Supersingularity via cycle class map

We discuss the supersingularity in the sense of Shioda [87]. Let X be a smooth
projective variety defined over k. For any r ∈ N, there is the crystalline cycle class
map

clr : CHr(X)⊗Z K −→ H2r(X)K := H2r
cris(X/W )⊗W K, (3)

whose image lands in the eigenspace of eigenvalue pr with respect to the action of
ϕ on H2r(X).

Definition 2.3 (Shioda supersingularity). A smooth projective variety X defined
over k is called

• (2r)
th
-Shioda supersingular, if (3) is surjective;

• even Shioda supersingular2 if (3) is surjective for all r;

• (2r + 1)
th
-Shioda supersingular, if there exist a supersingular abelian variety

A and an algebraic correspondence Γ ∈ CHdimX−r(X × A) such that the
cohomological correspondence Γ∗ : H2r+1

cris (X/W )K → H1
cris(A/W )K is an

isomorphism;

• odd Shioda supersingular, if it is (2r + 1)th-Shioda supersingular for all r;
• fully Shioda supersingular, if it is even and odd Shioda supersingular.

Remark 2.4 (“Shioda implies Artin”). Each notion of Shioda supersingularity is
stronger than the corresponding notion of Artin supersingularity. More precisely,

(i) For even-degree cohomology, the (2r)th-Shioda supersingularity implies that
the Frobenius action ϕ is the multiplication by pr on the crystalline cohomol-
ogy of degree 2r, hence we have the (2r)th-Artin supersingularity (i.e., the
F -crystal (H2r(X), ϕ) is supersingular). The converse is implied by the com-
bination of the crystalline Tate conjecture over finite fields (cf. [3, 7.3.3.2])
and the crystalline variational Tate conjecture (see [64, Conjecture 0.1]).

(ii) For odd-degree cohomology, the idea of Shioda supersingularity is “of niveau
1” and supersingular. The implication from (2r+1)th-Shioda supersingularity
to (2r+ 1)th-Artin supersingularity follows from the definition and Example
2.2. The converse follows again from the crystalline Tate conjecture and its
variational analogue.

(iii) Moreover, one can try to define the (even) Shioda supersingularity using other
Weil cohomology theory. For instance, for any prime number � different from
p, consider the �-adic cycle class map

clr
 : CHr(X)⊗Q
 → H2r
ét (X,Q
(r)).

Note that the standard conjecture implies that the surjectivities of clr
 and clr

are equivalent for all � �= p, as the images of the cycle class maps for various

2This is called fully rigged in [91, Definition 5.4].



156 Lie Fu and Zhiyuan Li

Weil cohomology theories share the same Q-structure, namely CH
r
(X)Q, the

rational Chow group modulo numerical equivalence.
When r = 1, the 2nd-Shioda supersingularity does not depend on the

choice of the Weil cohomology theory, as it is equivalent to say that the Picard
rank is maximal.

2.3. Full supersingularity and algebraic cycles

We explore in this subsection the conjectural implications on the Chow groups
of the full (Artin or Shioda) supersingularity discussed in § 2.1 and § 2.2. Recall
that for a smooth projective variety, a cohomology group is called of (geometric)
coniveau at least i, if it is supported on a closed algebraic subset of codimension i.

Let X be a smooth projective variety that is fully Shioda supersingular (Defi-
nition 2.3), which should be equivalent to being fully Artin supersingular assuming
the (usual and variational) crystalline Tate conjecture [64]. Then by definition,

• All the even cohomology groups are of Tate type. In particular, H2i(X) is of
coniveau i for all 0 ≤ i ≤ dimX .

• All the odd cohomology groups are of abelian type. In particular, H2i+1(X)
is of coniveau ≥ i for all 0 ≤ i ≤ dimX − 1.

In particular, for any 2 ≤ j ≤ i ≤ dimX , the coniveau of H2i−j(X) is at least
i− j + 1. By the general philosophy of coniveau, the conjectural Bloch–Beilinson
filtration F · on the rational Chow group satisfies that (cf. [3, § 11.2], [93, Conjecture
23.21])

GrjF CHi(X)Q = 0, ∀j ≥ 2, ∀i.
Therefore by the conjectural separatedness of the filtration F ·, one expects that
F 2CHi(X)Q = 0 in this case. It is generally believed that F 2 is closely related, if
not equal, to the Abel–Jacobi kernel. Hence one can naturally conjecture that for
fully supersingular varieties, all rational Chow groups are representable ([67]), or
better, their homologically trivial parts are represented by abelian varieties. The
precise statement is Conjecture 2.7 below. Before that, let us explain the notion
of representability with some more details.

Recall first the notion of algebraic representatives ([9, 68]) for Chow groups,
developed by Murre. Let CH∗(X)alg be the group of algebraically trivial cycles
modulo rational equivalence.

Definition 2.5 (Regular homomorphism [68, Definition 1.6.1]). Let X be a smooth

projective variety and A an abelian variety. A homomorphism φ : CHi(X)alg →
A(k) is called regular, if for any family of algebraic cycles, that is, a connected

pointed variety (T, t0) together with a cycle Z ∈ CHi(X × T ), the map

T → A(k)

t �→ φ(Zt − Zt0)

gives rise to a morphism of algebraic varieties T → A.
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Definition 2.6 (Algebraic representative [68]). Let X be a smooth projective vari-
ety and i a positive integer. An algebraic representative for cycles of codimension i,
is a couple (νi, Ab

i), where Abi is an abelian variety and νi : CH
i(X)alg → Abi(k)

is a regular homomorphism (Definition 2.5), and it is universal in the following
sense: for any regular homomorphism to the group of k-points of an abelian variety
φ : CHi(X)alg → A(k), there exists a unique homomorphism of abelian varieties
φ̄ : Abi → A such that φ = φ̄◦ νi. It is easy to see that an algebraic representative,
if exists, is unique up to unique isomorphism and νi is surjective ([68, § 1.8]).

As examples, the algebraic representative for the Chow group of divisors
(resp. 0-cycles) is the Picard variety (resp. the Albanese variety). The main result
of [68] is the existence of an algebraic representative for codimension-2 cycles
and its relation to the algebraic part of the intermediate Jacobian. However, the
understanding of the kernel of νi, when it is not zero, seems out of reach.

In the spirit of the Bloch–Beilinson Conjecture, we can make the following
speculation on the algebraic cycles on fully supersingular varieties.

Conjecture 2.7 (Fully supersingular Bloch–Beilinson Conjecture). Let X be a
smooth projective variety over k which is fully Shioda supersingular. Then for
any 0 ≤ i ≤ dim(X),

• Numerical equivalence and algebraic equivalence coincide on CHi(X)Q. In

particular, the rational Griffiths group Griffi(X)Q = 0.
• There exists a regular surjective homomorphism

νi : CH
i(X)alg → Abi(X)(k)

to the group of k-points on an abelian variety Abi(X), which is the algebraic
representative in the sense of Murre.

• The kernel of νi is finite and dimAbi(X) = 1
2b2i−1(X).

• Abi is a supersingular abelian variety.
• The intersection product restricted to CH∗(X)alg is zero.

In particular, the kernel of the algebra epimorphism CH∗(X)Q � CH
∗
(X)Q is a

square zero graded ideal given by the group of k-points on supersingular abelian
varieties Ab∗(X)(k)Q :=

⊕
iAb

i(X)(k)⊗Z Q.

Thanks to the work of Fakhruddin [27], Conjecture 2.7 is known for supersin-
gular abelian varieties as well as other varieties with supersingular abelian motives.
We will give an account of this aspect in § 2.4.

2.4. Supersingular abelian varieties and their motives

In this subsection, we illustrate the previous discussions in the special case of
abelian varieties and establish some results on their motives for later use.

Let A be a g-dimensional abelian variety defined over k. For any n ∈ N,
Hn(A) := Hn

cris(A/W ) is a torsion free W -module of rank
(
2g
n

)
and there exists a
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canonical isomorphism of F -crystals induced by the cup-product

Hn(A) ∼=
n∧
H1(A). (4)

By definition, A is (1st-Artin) supersingular if the F -crystal H1(A) is supersingu-
lar. In this case, by (4), all slopes of the F -crystal (Hn(A), ϕ) are the same (= n

2 ),
and hence Hn(A) is as well a supersingular F -crystal for all n ∈ N, that is, A is
fully Artin supersingular (Definition 2.1).

Before moving on to deeper results on cycles and motives of supersingular
abelian varieties, let us recall some basics on their motivic decomposition. Denote
by CHM(k)Q the category of rational Chow motives over k. Building upon earlier
works of Beauville [10] and [12] on Fourier transforms of algebraic cycles of abelian
varieties, Deninger–Murre [26] produced a canonical motivic decomposition for any
abelian variety (actually more generally for any abelian scheme; see [47] for explicit
formulae of the projectors):

h(A) =

2g⊕
i=0

hi(A) in CHM(k)Q,

such that the Beauville component CHi(A)(s) is identified with CHi(h2i−s(A)).

Furthermore, Künnemann [47] showed that hi(A) =
∧i

h1(A) for all i, h2g(A) �
1(−g) and

∧i
h1(A) = 0 for i > 2g (see also Kings [46]).

Lemma 2.8. Let E be a supersingular elliptic curve over k. Then for any natural
number j, we have in CHM(k)Q,

Sym2j h1(E) � 1(−j)⊕j(2j+1)

Sym2j+1 h1(E) � h1(E)(−j)⊕(j+1)(2j+1).

Proof. As dimEnd(E)Q = 4, we have h1(E) ⊗ h1(E) � 1(−1)⊕4. Hence as a di-

rect summand, Sym2 h1(E) is also of Tate type, actually isomorphic to 1(−1)⊕3.

Since Sym2j h1(E) is a direct summand of
(
Sym2 h1(E)

)⊗j
= 1(−j)⊕3j , it is

also of the form 1(−j)⊕m. The rank can be obtained by looking at the real-
ization. As for the odd symmetric powers, Sym2j+1 h1(E) is a direct summand

of Sym2j h1(E)⊗ h1(E) = h1(E)(−j)⊕j(2j+1), therefore Sym2j+1 h1(E)(j) is a di-
rect summand of h1(Ej(2j+1)). This corresponds to (up to isogeny) a sub-abelian
variety of the supersingular abelian variety Ej(2j+1), which must be itself super-
singular, hence isogenous to a power of E by [77, Theorem 4.2]. In other words,

Sym2j+1 h1(E)(j) � h1(Em), for some m ∈ N, which can be identified by looking
at the realization. �

We can now compute the Chow motives of supersingular abelian varieties.

Theorem 2.9. Let A be a g-dimensional supersingular abelian variety defined over
an algebraically closed field k of positive characteristic p. Let bi =

(
2g
i

)
be the ith
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Betti number of A. Then in the category CHM(k)Q, we have for any i,

h2i(A) � 1(−i)⊕b2i ; (5)

h2i+1(A) � h1(E)(−i)⊕
1
2 b2i+1 , (6)

where E is a/any supersingular elliptic curve. In particular, A is fully Shioda
supersingular.

Proof. By Oort’s result [77, Theorem 4.2], an abelian variety A is supersingular if
and only if it is isogenous to the self-product of a/any supersingular elliptic curve
E. In CHM(k)Q, we denote Λ := 1⊕g and then h1(A) � h1(Eg) = h1(E) ⊗ Λ,
since isogenous abelian varieties have isomorphic rational Chow motives. Standard
facts on tensor operations in idempotent-complete symmetric monöıdal categories
(cf. [33, Lecture 6]) yields that

hi(A) �
i∧(

h1(E) ⊗ Λ
)
�

⊕
λ�i

Sλh
1(E) ⊗ Sλ′Λ, (7)

where λ runs over all partitions of i, λ′ is the transpose of λ and Sλ is the Schur
functor associated to λ. Since Sλ′Λ is a direct sum of copies of the unit motive 1,
we take a closer look at Sλh1(E). Recall that (cf. [4] for example3)

• Sλh1(E) = 0 if λ has length at least 3;
• if λ has length at most 2, say λ = (a+ b, a) with a, b ≥ 0 and 2a+ b = i, then

since
∧2

h1(E) � 1(−1) is a ⊗-invertible object, we have

S(a+b,a)h
1(E) =

(
2∧
h1(E)

)⊗a

⊗ Symb h1(E) = 1(−a)⊗ Symb h1(E).

Combining this with (7) and using Lemma 2.8, we see that hi(A) is a direct sum of
some copies of 1(− i

2 ) if i is even and a direct sum of some copies of h1(E)(− i−1
2 )

if i is odd. The numbers of copies needed are easily calculated by looking at their
realizations. �
Definition 2.10 (Supersingular abelian motives). Let CHM(k)Q be the category of
rational Chow motives over k. Let Mssab be the idempotent-complete symmet-
ric monöıdal subcategory of CHM(k)Q generated by the motives of supersingular
abelian varieties. A smooth projective variety X is said to have supersingular
abelian motive if its rational Chow motive h(X) belongs to Mssab.

Remark 2.11. Mssab contains the Tate motives by definition. Thanks to Theorem
2.9, Mssab is actually generated, as idempotent-complete tensor category, by the
Tate motives together with h1(E) for a/any supersingular elliptic curve E. It can
be shown that any object in Mssab is a direct summand of the motive of some

3The convention in [4] is the graded/super one, which is the reason why the symmetric product
and exterior product are switched from ours when applied to an “odd” object h1 in loc. cit. We

prefer to stick to the ungraded convention so the comparison to the corresponding facts from
classical cohomology theory is more transparent.
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supersingular abelian variety. Therefore, for a smooth projective variety X , the
condition of having supersingular abelian motive is exactly Fakhruddin’s notion
of “strong supersingularity” in [27].

The following result confirms in particular the Fully Supersingular Bloch–
Beilinson Conjecture 2.7 and the full Shioda supersingularity for varieties with
supersingular abelian motives. The results (ii)–(v) are due to Fakhruddin [27];
while our proof presented below is somehow different and emphasizes the more
fundamental result Theorem 2.9; (i) and (vi) are new according to authors’ knowl-
edge.

Corollary 2.12 (cf. Fakhruddin [27]). Let X be an n-dimensional smooth projective
variety defined over an algebraically closed field k of characteristic p > 0, such that
X has supersingular abelian motive (Definition 2.10). Let bi be the ith Betti number
of X. Then we have the following:

(i) In the category CHM(k)Q, we have

h(X) �
n⊕

i=0

1(−i)⊕b2i ⊕
n−1⊕
i=0

h1(E)(−i)⊕
1
2 b2i+1 , (8)

where E is a supersingular elliptic curve.
(ii) X is fully Shioda supersingular (Definition 2.3).
(iii) Numerical equivalence and algebraic equivalence coincide. In particular, for

any integer i, the Griffiths group is of torsion: Griffi(X)Q = 0.

(iv) CHi(X)Q = CHi(X)(0) ⊕ CHi(X)(1) with CHi(X)(0) � Q⊕b2i providing a

Q-structure for cohomology and CHi(X)(1) � E(k)
1
2 b2i−1 ⊗Z Q is the alge-

braically trivial part.
(v) CHi(X)alg has an algebraic representative (νi, Ab

i) with ker(νi) finite and
Abi a supersingular abelian variety of dimension 1

2b2i−1.
(vi) The intersection product restricted to CH∗(X)alg is zero.

Proof. For (i), using Theorem 2.9, the motive of X must be a direct sum of Tate
motives and Tate twists of h1(E). Then the precise numbers of Tate twists and
copies are easily determined by looking at the realization.

(ii) follows immediately from (8) in (i).

For (iii), using (i), it suffices to observe that numerical equivalence and algebraic
equivalence are the same on elliptic curves and all the Griffiths groups of a point
and an elliptic curve are trivial.

For (iv), it is an immediate consequence of (i) together with the simple fact that
CH1(h1(E)) = CH1

(1)(E) � Pic0(E)(k) ⊗Z Q � E(k)⊗Z Q.

For (v), we argue similarly as in [27]: denote B = E
1
2 b2i−1 , then in (8), the only term

contributes non-trivially to CHi(X)alg is h
1(E)(1−i)⊕b2i−1 . Now the isomorphisms

(8) of rational Chow motives can be interpreted as follows: there exist a positive

integer N and two correspondences Z1, Z2 ∈ CHn−i+1(X ×B), such that the two
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compositions of

Z∗
1 : CH1(B)alg = Pic0(B)(k) → CHi(X)alg

and

Z2,∗ : CHi(X)alg → CH1(B)alg = Pic0(B)(k)

are both multiplication by N . By the divisibility of CHi(X)alg and Pic0(B)(k)
(cf. [15, Lemma 1.3]), both Z∗

1 and Z2,∗ are surjective and the kernel of Z2,∗
is finite. The surjectivity of Z2,∗ implies the representability of CHi(X)alg and
in particular (by [83] for example) there exists an algebraic representative νi :
CHi(X)alg → Abi(k). By the universal property of algebraic representative, the
(regular) surjective homomorphism Z2,∗ is factorized through νi, hence the kernel

of νi is finite and Pic0(B) is dominated by Abi. On the other hand, the surjectiv-
ities of Z∗

1 and νi show that Abi is also dominated by Pic0(B). Therefore, Abi is
isogenous to Pic0(B), hence is supersingular of dimension 1

2b2i−1.

Finally for (vi), recall first that any algebraically trivial cycle on X is a linear
combination of cycles of the form Γ∗(α), where Γ ∈ CH(C×X) is a correspondence
from a connected smooth projective curve C to X and α is a 0-cycle of degree 0 on
C. Therefore we only need to show that for any two connected smooth projective
curves C1, C2, Γi ∈ CH(Ci×X) and αi ∈ CH0(Ci)deg 0 for i = 1, 2, then Γ1,∗(α1) ·
Γ2,∗(α2) = 0 in CH(X). Indeed, let Γ be the correspondence from C1 × C2 to X
given by the composition δX ◦ (Γ1 × Γ2), then Γ1,∗(α1) · Γ2,∗(α2) = Γ∗(α1 × α2),
here × is the exterior product. Now on one hand, the Albanese invariant of the
cycle α1 × α2 ∈ CH0(C1 × C2)alg is trivial. On the other hand, by the universal
property of algebraic representative, whose existence is proved in (v), we have the
commutative diagram

CH0(C1 × C2)alg
alb=ν2 ��

Γ∗
��

Alb(C1 × C2)(k)

��

CH∗(X)alg
ν∗ �� Ab∗(X)(k).

Hence Γ∗(α1×α2) belongs to ker(ν∗), which is a finite abelian group by (v). In other
words, the image of the intersection product CH∗(X)alg⊗CH∗(X)alg → CH∗(X)alg
is annihilated by some integer. However, this image is also divisible, hence must
be zero. �

Remark 2.13 (Beauville’s conjectures on supersingular abelian varieties). Let A
be an abelian variety of dimension g. Recall Beauville’s decomposition [12] on
rational Chow groups: for any 0 ≤ i ≤ g,

CHi(A)Q =

i⊕
s=i−g

CHi(A)(s),
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where CHi(A)(s) is the common eigenspace of the multiplication-by-m map (with

eigenvalue m2i−s) for all m ∈ Z. As is pointed out in [27], when A is supersingular,
Corollary 2.12 confirms all the conjectures proposed in [10] and [12], and the
corresponding Beauville decomposition takes the following form:

CH∗(A)Q = CH∗(A)(0) ⊕ CH∗(A)(1), (9)

with CH∗(A)(0) injects into the cohomology and CH∗(A)(1) = CH∗(A)alg,Q. A re-
markable feature of the Chow rings of supersingular abelian varieties that is not
shared by other varieties with supersingular abelian motives in general is that the
decomposition (9) is multiplicative, that is, in addition to the properties (i)–(vi)
in Corollary 2.12, we have that the subspace CH∗(X)(0) is closed under the inter-
section product. We will see in § 3.5 how this supplementary feature is extended
to another class of supersingular varieties, namely the supersingular symplectic
varieties.

Remark 2.14. There is more precise information on the Griffiths group of codim-
ension-2 cycles on a supersingular abelian variety if the base field is the algebraic
closure of a finite field of characteristic p: in [34], Gordon–Joshi showed that it is
at most a p-primary torsion group.

3. Supersingular symplectic varieties

We now start to investigate the various notions of supersingularity introduced
in the previous section, as well as their relations, for a special class of varieties,
namely the symplectic varieties. As in the case of K3 surfaces, we expect that all
these notions are equivalent in this case.

3.1. Symplectic and irreducible symplectic varieties

Definition 3.1. Let X be a connected smooth projective variety defined over k of
characteristic p > 0, and let Ω2

X/k be the locally free sheaf of algebraic 2-forms

over k. The variety X is called symplectic if

1. πét
1 (X) = 0;

2. X admits a nowhere degenerate closed algebraic 2-form;

In particular, X is even-dimensional with trivial canonical bundle. When

dimH0(X,Ω2
X/k) = 1,

we say that X is irreducible symplectic.

Remark 3.2. There is also a definition ofK3[n]-type irreducible symplectic varieties
in the recent work of Yang [96], which requires the liftability to characteristic 0.
In that case, the comparison of two definitions is not clear to us.

The construction methods for symplectic varieties over fields of positive char-
acteristic are somehow limited as is in the case over the complex numbers. Let us
collect some examples.
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Example 3.3.

(i) When p > 2, two-dimensional symplectic varieties are nothing but K3 sur-
faces. When p = 2, there is an extra class, namely, the supersingular Enriques
surfaces, which are also irreducible symplectic but with dimH1(O) = 1;

(ii) the Hilbert scheme of length-n subschemes on a K3 surface ([11]);
(iii) smooth moduli spaces of stable sheaves (or more generally stable complexes

with respect to some Bridgeland stability condition) on a K3 surface ([66],
[72], [39], [7], [8]), under some mild numeric conditions on the Mukai vector
and the polarization (see Proposition 4.4);

(iv) the generalized Kummer varieties Kn(A) associated to an abelian surface A
([11]), provided that it is smooth over k (the smoothness condition does not
always hold, see [84]). By definition, it is the fiber of the isotrivial fibration
s : A[n+1] → A, where s sends a subscheme to the summation of its support
(with multiplicities);

(v) the Albanese fiber of a smooth moduli space of stable sheaves (or more gener-
ally Bridgeland stable objects in the derived category) on an abelian surface
([66], [97]), under some mild numerical conditions on the Mukai vector and
the polarization, provided that it is smooth over k (see Proposition 6.9);

(vi) the Fano varieties of lines of smooth cubic fourfolds ([14]);
(vii) O’Grady provided in [73] and [74] other examples by symplectic resolutions of

some singular moduli space of semistable sheaves on K3 and abelian surfaces.
His construction was over C; see [28] for the adaptation to characteristic
p > 2;

(viii) as is shown in the recent work [89], the punctual Hilbert schemes of supersin-
gular Enriques surfaces (which only exist in characteristic 2) are symplectic
varieties but not irreducible symplectic.

Some nice properties for irreducible symplectic varieties defined over the com-
plex numbers, such as the Beauville–Bogomolov quadratic form on the second co-
homology and Torelli theorems, can be expected to hold in positive characteristics.
We refer the readers to [50] for such an attempt via the theory of displays.

3.2. Artin supersingularity and formal Brauer group

As indicated by the global Torelli theorem over the complex numbers, we expect
that the second cohomology of a symplectic variety should control most of its
geometry, up to birational equivalence. This motivates us to single out the following
most important piece in Definition 2.1:

Definition 3.4. Let X be a symplectic variety of dimension 2n over k. The variety
X is called 2nd-Artin supersingular if the F -crystal (H2(X), ϕ) is supersingular,
i.e., the Newton polygon Nwt2(X) is a straight line (of slope 1).

For a K3 surface, Artin defined his supersingularity originally in [5] by looking

at its formal Brauer group B̂r, which turns out to be equivalent to the supersin-
gularity of the F -crystal (H2(X), ϕ) introduced above. More generally, Artin and
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Mazur [6] observed that the formal Brauer group actually fits into a whole series
of formal groups. Recall that if the functor

B̂rX : (Artin local k-algebras) → (Abelian groups)

R �→ ker
(
H2

ét(X ×k R,Gm) → H2
ét(X,Gm)

)
,

is pro-representable by a formal group, then we call it the formal Brauer group

of X , denoted by B̂r(X). Note that by [6], we have the pro-representability if
H1(X,OX) = 0.

Thus we can make the following definition.

Definition 3.5. A symplectic variety X is called Artin B̂r-supersingular if B̂rX is

pro-represented by the formal additive group Ĝa.

One can obtain the following consequence which guarantees that the two
notions of supersingularity in Definitions 3.4 and 3.5 coincide under mild condition,
which presumably always holds for symplectic varieties.

Proposition 3.6. Let X be a symplectic variety. If the functor B̂rX is pro-repre-

sentable, formally smooth and H2(X,OX) � k, then X is Artin B̂r-supersingular
if and only if the F -crystal (H2(X), ϕ) is supersingular, that is, X is 2nd-Artin
supersingular.

Proof. Under the hypothesis, B̂r(X) is a one-dimensional formal Lie group as
dimH2(X,OX) = 1, hence is classified by its height. It is the formal additive
group if and only if the Dieudonné–Cartier module D(Φ2(X)) ⊗K is zero. Then
we can conclude by [6, Corollary 2.7], since the Newton polygon of (H2(X), ϕ) is
a straight line if and only if there is no sub-F -isocrystals with slopes strictly less
than 1. �

Furthermore, similar to the case of K3 surfaces [5, Theorem 1.1], the Pi-

card number behaves very well for families of Artin B̂r-supersingular symplectic
varieties:

Corollary 3.7. Let π : X → B be a smooth projective family of Artin B̂r-super-
singular symplectic varieties over a connected base scheme B over k. Write Xb =
π−1(b) for b ∈ B. Assume either Picτ (X/B) is smooth or H2

cris(Xb/W ) are torsion
free for any b ∈ B. Then the Picard number ρ(Xb) is constant for all b ∈ B. In
particular, all the fibers of π are 2nd-Shioda supersingular if and only if one of
them is 2nd-Shioda supersingular.

Proof. The proof is similar to [5, Theorem 1.1]. It suffices to show ρ(Xη) = ρ(X0)
for any family over B = Spec k[[t]], where Xη is the generic fiber and X0 is the spe-
cial fiber. The supersingular assumption indicates that the F -crystal H2(Xb/W )
is constant in b. Then the result in [5, 64, 23] implies that the cokernel of the
specialization map

NS(Xη) → NS(X0)

is finite and annihilated by powers of p. It follows that ρ(Xη) = ρ(X0). �
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3.3. Artin supersingularity vs. Shioda supersingularity

As mentioned in Remark 2.4, the 2nd-Artin supersingularity is a priori weaker
than the 2nd-Shioda supersingularity. In the other direction, we know the Tate
conjecture holds for certain symplectic varieties.

Theorem 3.8 (Charles [19]). Let Y be a symplectic variety of dimension 2n over C
and let L be an ample line bundle on Y and d = c1(L)

2n. Assume that p is coprime
to d and that p > 2n. Suppose that Y can be defined over a finite unramified
extension of Qp and that Y has good reduction at p. If the Beauville–Bogomolov
form of Y induces a non-degenerate quadratic form on the reduction modulo p of
the primitive lattice in the second cohomology group of Y , then the reduction of Y
at p, denoted by X, satisfies the Tate conjecture for divisors.

This yields the following consequence:

Corollary 3.9. Suppose X is a symplectic variety defined over k satisfying all the
conditions in Theorem 3.8, then X is 2nd-Artin supersingular if and only if X is
2nd-Shioda supersingular.

The more difficult question is to go beyond the second cohomology and ask
whether X is fully Shioda supersingular (Definition 2.3) and hence fully Artin
supersingular (Definition 2.1), if X is 2nd-Artin supersingular; that is, whether
the notions in the following diagram of implications are equivalent.

Fully Shioda supersingular

��

�� Fully Artin supersingular

��
2nd-Shioda supersingular �� 2nd-Artin supersingular

This is the equivalence conjecture in the introduction (see Conjecture A). Later we
will verify this for smooth moduli spaces of semistable sheaves on K3 surfaces and
abelian surfaces. A fundamental reason to believe this conjecture comes from a
motivic consideration (the supersingular abelian motive conjecture in Conjecture
A), which will be explained in § 3.5.

3.4. Unirationality vs. supersingularity

In the direction of looking for a geometric characterization of supersingularity
for symplectic varieties, we proposed in the introduction to generalize Conjecture
1.1 for K3 surfaces to the unirationality conjecture and the RCC conjecture for
symplectic varieties, which respectively says that the 2nd-Artin supersingularity is
equivalent to the unirationality and the rational chain connectedness; see Conjec-
ture A in the introduction.

One can get many examples of 2nd-Shioda supersingular varieties from vari-
eties with “sufficiently many” rational curves. The result below, which says that
the rational chain connectedness implies the algebraicity of H2, is well known in
characteristic 0, and it holds in positive characteristics as well.
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Theorem 3.10 (cf. [35, Theorem 1.2]). Let X be smooth projective variety over
k. If X is rationally chain connected, then the first Chern class map induces an
isomorphism Pic(X) ⊗ Q


∼= H2
ét(X,Q
(1)) for all � �= p. In particular, ρ(X) =

b2(X) and X is 2nd-Shioda supersingular.

Theorem 3.10 gives the following implications, which is part of Figure 1 in
the introduction:

Unirational =⇒ RCC =⇒ 2nd-Shioda supersingular =⇒ 2nd-Artin supersingular.

As evidence, we will verify the unirationality conjecture for most smooth
moduli spaces of semistable sheaves on K3 surfaces, assuming the unirationality of
supersingular K3 surfaces (Theorem 1.3), and prove the RCC conjecture for most
smooth Albanese fibers of moduli spaces of semistable sheaves on abelian surfaces
(Theorem 1.4). However, the unirationality conjecture remains open even for gen-
eralized Kummer varieties of dimension at least four. In a sequel to this paper [28],
we investigate these conjectures for some symplectic varieties of O’Grady type.

3.5. Algebraic cycles and supersingularity

Over the field of complex numbers, thanks to the Kuga–Satake construction
(cf. [48]), one expects that the Chow motive of any projective symplectic vari-
ety is of abelian type. In positive characteristic, it is also natural to conjecture that
any supersingular symplectic variety has supersingular abelian Chow motive (Defi-
nition 2.10), in the sense that its Chow motive belongs to the idempotent-complete
additive tensor subcategory of CHMQ generated by the motive of supersingular
abelian varieties. See the supersingular abelian motive conjecture in the introduc-
tion (Conjecture A) for the statement.

Thanks to Theorem 2.9 and Corollary 2.12, the supersingular abelian motive
conjecture implies the equivalence conjecture (i.e., 2nd-Shioda supersingular implis
fully Shioda supersingular) and the fully supersingular Bloch–Beilinson conjecture
2.7 for symplectic varieties:

Supersingular abelian motive

��

�� Fully supersingular Bloch–Beilinson

Fully Shioda supersingular

which is part of the diagrams in Figure 1 and Figure 2.
One can summarize differently Corollary 2.12: for any fully supersingular

variety having supersingular abelian motive, there is a short exact sequence of
graded vector spaces

0 → Ab∗(X)(k)Q → CH∗(X)Q → CH
∗
(X)Q → 0, (10)

where CH
∗
:= CH∗/ ≡ and Ab∗(X)(k)Q = CH∗(X)alg,Q = CH∗(X)num,Q. However

so far the only thing we can say in general about the ring structure on CH∗(X)Q
given by the intersection product is that Ab∗(X)(k)Q forms a square zero graded
ideal. It is the insight of Beauville [13] that reveals a supplementary structure on
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CH∗(X)Q: if X is moreover symplectic, then its rational Chow ring should have a
multiplicative splitting of the Bloch–Beilinson filtration. In the fully supersingu-
lar case, the Bloch–Beilinson filtration is precisely (10) and Beauville’s splitting
conjecture reduces to the supersingular case of the following conjecture.

Conjecture 3.11 (Section property conjecture [31]). Let X be a symplectic vari-
ety over an algebraically closed field. Then the algebra epimorphism CH∗(X)Q �
CH

∗
(X)Q admits a (multiplicative) section whose image contains all the Chern

classes of the tangent bundle of X.

The study of this conjecture in [31] was inspired by O’Sullivan’s theory on
symmetrically distinguished cycles on abelian varieties [78], which provides such an

algebra section for the epimorphism CH∗(A)Q � CH
∗
(A)Q for any abelian variety

A. This is an important step towards Beauville’s general conjecture in [10] and [12].
As a result, we call the elements in the image of the section in Conjecture 3.11
distinguished cycles and denote the corresponding subalgebra by DCH∗(X). By

definition, the natural composed map DCH∗(X) → CH
∗
(X)Q is an isomorphism.

Remark 3.12. It is easy to deduce the supersingular Bloch–Beilinson–Beauville
conjecture ( = Conjecture B in the introduction) from the other aforementioned
conjectures, thus completing Figure 2. First of all, for a symplectic variety, the
equivalence conjecture allows us to go from the 2nd-Artin supersingularity to the
full Shioda supersingularity. Now items (i), (ii), (iv) of Conjecture B are included
in the fully supersingular Bloch–Beilinson conjecture 2.7. The only remaining con-
dition is in item (iii) that DCH∗(X) is closed under the intersection product and
contains Chern classes of X ; this is exactly the content of the section property
conjecture 3.11.

To make the link to Beauville’s original splitting property conjecture [13]
more transparent, we record that in his notation, CH∗(X)(0) := DCH∗(X) and
CH∗(X)(1) = CH∗(X)alg,Q. The fully supersingular Bloch–Beilinson conjecture
2.7 gives that CH∗(X)(0) ⊕ CH∗(X)(1) = CH∗(X)Q and CH∗(X)(1) is a square
zero ideal; while the “splitting” says simply that CH∗(X)(0) is closed under the
product.

3.6. Birational symplectic varieties

In this subsection, we compare the Chow rings and cohomology rings of two bira-
tionally equivalent symplectic varieties.

The starting point is the following result of Rieß, built on Huybrechts’ funda-
mental work [39]. Actually her proof yields the following more precise result. We
denote by ΔX ⊂ X×X the diagonal and δX = {(x, x, x) | x ∈ X} ⊂ X×X ×X
the small diagonal for a variety X .

Theorem 3.13 (Rieß [81, § 3.3 and Lemma 4.4]). Let X and Y be d-dimensional
projective symplectic varieties over k = C. If they are birational, then there exists
a correspondence Z ∈ CHd(X × Y ) such that

(i) (Z × Z)∗ : CHd(X ×X)→ CHd(Y × Y ) sends ΔX to ΔY ;
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(ii) (Z × Z × Z)∗ : CHd(X ×X ×X) → CHd(Y × Y × Y ) sends δX to δY .
(iii) Z∗ : CH(X) → CH(Y ) sends ci(X) to ci(Y ) for any i ∈ N;
(iv) Z induces an isomorphism of algebra objects h(X) → h(Y ) in CHM(k) with

inverse given by tZ.

In particular, Z induces an isomorphism between their Chow rings and cohomology
rings.

Note that (iv) is a reformulation of (i) and (ii). Our objective is to extend
Rieß’s result to other algebraically closed fields under the condition of liftability.
More precisely,

Proposition 3.14. Let X and Y be two birationally equivalent projective symplectic
varieties defined over an algebraically closed field k. If the characteristic of k is
positive, we assume moreover that X and Y are both liftable to X and Y over
a characteristic zero base W with geometric generic fibers XηW

and YηW
being

birational symplectic varieties. Then the same results as in Theorem 3.13 hold.

Proof. We first treat the case where char(k) = 0. Without loss of generality, we
can assume that k is finitely generated over its prime field Q, and fix an embedding
k ↪→ C. As XC and YC are birational complex symplectic varieties, we have a cycle
ZC ∈ CHd(XC×C YC) verifying the properties in Theorem 3.13. Let L be a finitely
generated field extension of k, such that ZC, as well as all rational equivalences
involved, is defined over L. Take a smooth connected k-variety B whose function
field k(B) = κ(ηB) = L and choose a closed point b ∈ B(k). Let Z ∈ CHd(XηB ×L

YηB ) with Z⊗LC = ZC and such that Z satisfies the properties in Theorem 3.13 for
XηB and YηB . Now the specialization of Z from the generic point ηB to the closed

point b gives rise to a cycle sp(Z) ∈ CHd(X×Y ), which satisfies all the properties
of Theorem 3.13 because specialization respects compositions of correspondences,
diagonals and small diagonals (cf. [32, § 20.3]).

In the case where char(k) > 0, let W , X and Y be as in the statement. Denote
by K = Frac(W ), w the closed point of W with residual field k. By hypothesis,
XK and YK are geometrically birational, hence the result in characteristic zero
proved in the previous paragraph implies that there exist a finite field extension
L/K, an algebraic cycle Z ∈ CHd(XL ×L YL) which satisfies all the properties of
Theorem 3.13 for XL and YL. Take any W -scheme B with κ(ηB) = L and choose
a closed point b of B in the fiber of w, then κ(b) = k since k is algebraically
closed. Then as before, the specialization of Z from the generic point ηB to the
closed point b yields a cycle sp(Z) ∈ CHd(X ×k Y ) which inherits all the desired
properties from Z. �

In view of Proposition 3.14, the following notions are convenient.

Definition 3.15 ((Quasi-)liftably birational equivalence). Two symplectic varieties
X and Y are called liftably birational if they are both liftable to X and Y over
some base W of characteristic zero with geometric generic fibers being birationally
equivalent symplectic varieties.
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Two symplectic varieties X and Y are called quasi-liftably birational if there
exists a (finite) sequence of symplectic varieties

X = X0, X1, . . . , Xm = Y,

such that for any 0 ≤ i ≤ m− 1, Xi and Xi+1 are liftably birational.

Remark 3.16. Two quasi-liftably birational symplectic varieties are indeed bira-
tionally equivalent. To see this, note that all symplectic varieties, having trivial
canonical bundle, are non-ruled. Then it follows from [61, Theorem 1] that the bi-
rational equivalence between the geometric generic fibers of X and Y implies that
X and Y are birationally equivalent after possibly taking a field extension of the
residue field κ. As k is algebraically closed, X and Y are birationally equivalent
over k as well.

Corollary 3.17. Let X and Y be two quasi-liftably birational symplectic varieties.
Then X is 2nd-Artin (resp. 2nd-Shioda, fully Artin, fully Shioda) supersingular if
and only if Y is so.

Proof. By Proposition 3.14 (iv), the rational Chow motives of X and Y are isomor-
phic. By realization, the crystalline cohomology groups of X and Y are isomorphic
as F -isocrystals, hence we have the statements for 2nd and full Artin supersingu-
larities. Similarly, the algebraicity of cohomology is controlled by the motive, hence
the statements on the 2nd and full Shioda supersingularities follow. �

4. Moduli spaces of stable sheaves on K3 surfaces

4.1. Preliminaries on K3 surfaces over positive characteristic

Some useful facts needed later on K3 surfaces are collected here. We start with the
Néron–Severi lattices of supersingular K3 surfaces. Let S be a smooth projective
K3 surface defined over k, an algebraically closed field of positive characteristic p.
As the Tate conjecture holds for K3 surfaces over finite fields of any characteristic
([19], [58], [20], [45]), S is Artin supersingular if and only if it is Shioda supersin-
gular (cf. the argument in [57, Theorem 4.8]), hence the notion of supersingularity
has no ambiguity for K3 surfaces.

By Artin’s work [5], if S is supersingular, the discriminant of the intersection
form on NS(S) is discNS(S) = ±p2σ(S) for some integer 1 ≤ σ(S) ≤ 10, which is
called the Artin invariant of S. The lattice NS(S) is uniquely determined, up to
isomorphism, by its Artin invariant σ(S). Such lattices are completely classified
by Rudakov–Šafarevič in [82, § 2] and when p > 2, there is a refinement due to
Shimada [86].

We summarize their results as follows. Given a lattice Λ and an integer n, we
denote by Λ(n) the lattice obtained by multiplying its bilinear form by n.

Proposition 4.1 (Supersingular K3 lattices). Let S be a supersingular K3 surface
defined over an algebraically closed field of positive characteristic p. The lattice
NS(S) is isomorphic to −Λσ(S). When p > 2, the intersection form of Λσ(S) is
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given as below

(i) σ(S) < 10, Λσ(S) =

{
U ⊕ V

(p)
20,2σ(S), if p ≡ 3 mod 4, and 2 � σ(S)

U ⊕H(p) ⊕ V
(p)
16,2σ(S), otherwise

(ii) σ(S) = 10, Λ10 = U(p)⊕H(p) ⊕ V
(p)
16,16,

Here, U is the hyperbolic plane,

H(p) =

⎛⎜⎜⎝
2 1 0 0
1 (q + 1)/2 0 γ
0 0 p(q + 1)/2 p
0 γ p 2(p+ γ2)/q

⎞⎟⎟⎠ (11)

satisfying that the prime q ≡ 3 mod 8, (−q
p ) = −1, γ2 + p ≡ 0 mod q, and

V (p)
m,n = V0 ∪

(
1

2

m∑
1

ei + V0

)
where

V0 =

〈
m∑
i=1

aiei|
∑

ai ≡ 0 mod 2

〉
⊆ ⊕Zei; eiej =

⎧⎪⎨⎪⎩
0, if i �= j,

1, if i = j > n,

p, otherwise.

(12)

When p = 2, Λσ(S) has been explicitly classified in [82, § 2, P.157], we will
only use the fact that it contains the hyperbolic lattice U as a direct summand
when σ(S) is odd and U(2) when σ(S) is even.

As a consequence, Liedtke [56, Proposition 3.9] showed the existence of elliptic
fibrations on supersingular K3 surfaces (p > 3). As we need elliptic fibrations with
more special properties on supersingular K3 surfaces, we will prove a strengthening
of Liedtke’s result later using Proposition 4.1.

Let us turn to the liftability problem of K3 surfaces. Ogus [75, Corollary 2.3]
(attributed also to Deligne) showed that every polarized K3 surface admits a pro-
jective lift. We will need the following stronger result.

Proposition 4.2 (Lifting K3 surfaces with line bundles [53, Corollary 4.2], [55,
Appendix A.1 (iii)], [20, Proposition 1.5]). Let S be a smooth K3 surface over an
algebraically closed field k of characteristic p > 0. Let Σ ⊆ NS(S) be a saturated
subgroup of rank < 11 containing an ample class. Then there exist a complete
discrete valuation ring W ′ of characteristic 0 with fraction field K ′ and residue
field κ containing k, a relative K3 surface

S → Spec(W ′) (13)

with special fiber Sκ
∼= S ×k κ, such that the specialization map NS(SK′) →

NS(Sκ) � NS(S) induces an isomorphism

NS(SK′)
�−→ Σ, (14)

where SK′ is the geometric generic fiber over the algebraic closure K ′.
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4.2. Moduli spaces of stable sheaves

One important source of examples of K3[n]-type symplectic varieties is formed by
the moduli spaces of stable sheaves on a K3 surface ([66], [72], [39]). Given a K3
surface S, we denote by

H̃(S) = Z · 1⊕NS(S)⊕ Z · ω
the algebraic Mukai lattice of S, where 1 is the fundamental class of S and ω is the

class of a point. An element r ·1+L+s ·ω of H̃(S), with r, s ∈ Z and L ∈ NS(S), is

often denoted by (r, L, s). The lattice structure on H̃(S) is given by the following
Mukai pairing 〈−,−〉:

〈(r, L, s), (r′, L′, s′)〉 = L · L′ − rs′ − r′s ∈ Z. (15)

For a coherent sheaf F on S, its Mukai vector is defined by

v(F) := ch(F)
√

td(S) = (rk(F), c1(F), χ(F)− rk(F)) ∈ H̃(S).

Definition 4.3 (General polarizations). Let v ∈ H̃(S) be a primitive4 Mukai vector.
We say a polarization H is general with respect to v if every H-semistable sheaf
with Mukai vector v is H-stable.

For instance, if v = (r, c1, s), one can easily show that H is general with
respect to v if it satisfies the following numerical condition (cf. [20]):

gcd(r, c1 ·H, s) = 1. (16)

Given a primitive element v = (r, c1, s) ∈ H̃(S) such that r > 0 and 〈v, v〉 ≥
0, together with a general ample line bundleH (with respect to v) on S, we consider
the moduli space of Gieseker–MaruyamaH-stable sheaves on S with Mukai vector
v, denoted byMH(S, v). According to the work of Langer [49],MH(S, v) is a quasi-
projective scheme over k. When char(k) = 0, the works of Mukai [66], O’Grady [72]
and Huybrechts [39] show that MH(S, v) is an irreducible symplectic variety of
dimension 2n = 〈v, v〉+2 and is of K3[n]-deformation type. Over fields of positive
characteristic, the following analogous properties of MH(S, v) hold.

Proposition 4.4 (cf. [20, § 2]). Let S be a smooth projective K3 surface, H an ample

line bundle and v = (r, c1, s) ∈ H̃(S) be a primitive Mukai vector with r > 0 and
〈v, v〉 > 0. If H is general with respect to v, then

(i) MH(S, v) is a smooth projective, symplectic variety of dimension 2n = 〈v, v〉+
2 over k and it is deformation equivalent to the nth Hilbert scheme S[n].

(ii) When � �= p, there is a canonical quadratic form on H2(MH(S, v),Z
(1)). Let
v⊥ be the orthogonal complement of v in the �-adic Mukai lattice of S. There
is an injective isometry

θv : v⊥ ∩ H̃(S) → NS(MH(S, v)), (17)

whose cokernel is a p-primary torsion group. Here v⊥∩H̃(S) is the orthogonal

complement of v in H̃(S).

4that is, v cannot be written as mv′ for an integer m ≥ 2 and v′ another element in ˜H(S).
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(iii) There is an isomorphism of Galois representations (resp. isocrystals)

v⊥ ⊗K → H2(MH(S, v),K) (18)

between the rational étale (resp. crystalline) cohomology groups, where K =
Q
 (resp. the fraction field of W ). Here v⊥ ⊗ K is the orthogonal comple-
ment of v in H∗(S,K). It is compatible with the isometry (ii) via the étale
(resp. crystalline) cycle class map.

Proof. All the assertions are well known over fields of characteristic zero (cf. [66],
[72]). When char(k) > 0 and assuming condition (16), the statements were proved
in [20, Theorem 2.4] via lifting to characteristic zero. But there is no difficulty to
extend them under the more general assumption that H is general with respect to
v. Here we just sketch the proof of the missing parts in [20]:

In part (i), it remains to prove that MH(S, v) has trivial étale fundamental
group. One can use Proposition 4.2 to find a projective lift

S → SpecW ′, (19)

of S over some discrete valuation ring W ′ such that both H and v lift to S,
denoted by H ∈ Pic(S) and v, respectively. We consider the relative moduli space
of semistable sheaves on S over W ′

MH(S, v) → SpecW ′. (20)

Let Sη be the generic fiber of (19) and letHη be the restriction ofH to Sη. Observe
that the ample line bundle Hη on the generic fiber Sη remains general with respect
to v (cf. [16, Theorem 4.19 (1)]), so the geometric generic fiber of (20) is a smooth
projective symplectic variety. Now one can conclude by the general fact that the
specialization morphism for étale fundamental group is surjective [1, Éxposé X,
Corollaire 2.3].

In part (ii) and (iii), [20] only deals with the étale cohomology groups, but
the same argument holds for crystalline cohomology groups as well. �

Remark 4.5. One can also consider the moduli space of semistable purely one-
dimensional sheaves and a similar result still holds. In particular, if v = (0, c1, s)
satisfying 〈v, v〉 = 0 and gcd(H ·c1, s) = 1, then every H-semistable coherent sheaf
is H-stable and MH(S, v) is a (non-empty) smooth K3 surface (cf. [16, Proposition
4.20]).

Remark 4.6. When the K3 surface S is ordinary (i.e., B̂r(S) is of height 1),
MH(S, v) is indeed irreducible symplectic, i.e., h2,0(MH(S, v)) = 1, thanks to
Charles [20, Proposition 2.6]. His method of computing h2,0 can not be applied to
K3 surfaces whose formal Bauer group is of height > 1, since in general we can
only lift (S,H, v) to a finite cover of W .
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4.3. Moduli spaces of sheaves on supersingular K3 surfaces

Now we specialize the previous discussion to supersingular K3 surfaces. Our first
goal is to show in Lemma 4.8 that in the supersingular case, the condition (16)
can always be achieved, up to twisting by line bundles, except an extreme case.
Let us first recall two standard auto-equivalences of the derived category Db(S) of
bounded complexes of coherent sheaves, as well as the corresponding cohomological
transforms (cf. [40]). For simplicity, we will use the same notation for a line bundle
and its first Chern class.

1. Let L be a line bundle, then tensoring with L gives an equivalence

−⊗ L : Db(S)
�−→ Db(S).

The corresponding map on cohomology

expL : H̃(S) → H̃(S)

sends a Mukai vector v = (r, c1, s) to eL · v = (r, c1 + rL, s+ rL2

2 + c1 · L).
2. Let E ∈ Db(S) be a spherical object, that is, dimExt∗(E,E) = dimH∗(S2,Q),

where S2 is the two-dimensional sphere, whence the name. There is the spher-
ical twist with respect to E (see [85], [40, § 8.1])

TE : Db(S)
�−→ Db(S),

and we may still use TE to denote the corresponding cohomological transform
on the algebraic Mukai lattice. In particular, when E = OC(−1) with C ∼= P1

a (−2)-curve on S, we have

TE(r, c1, s) = (r, s[C](c1), s)

where s[C] is the Mukai reflection with respect to the (−2)-class [C] ∈ NS(S).

Definition 4.7. Let Λ be a lattice. Given an element x ∈ Λ and m ∈ Z>0, we say
that x · Λ is divisible by m and denote it by m | x · Λ if m | (x, y) for all y ∈ Λ.
We denote by m � x · Λ if x · Λ is not divisible by m. When Λ = NS(S), a Mukai

vector v = (r, c1, s) ∈ H̃(S) is called coprime to p, if p � r or p � s or p � c1 ·NS(S).

The following observation says that we can always reduce to the case where
the numerical condition (16) holds, if the K3 surface is supersingular.

Lemma 4.8. Let S be a supersingular K3 surface. If v ∈ H̃(S) is a Mukai vector
coprime to p, then up to a derived equivalence of tensoring with a line bundle, the
numerical condition (16) and hence the conclusions in Proposition 4.4 holds for
any ample line bundle H.

Proof. As tensoring a sheaf with a line bundle L induces an isomorphism of moduli
spaces

MH(S, v) ∼= MH(S, expL(v)),
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it suffices to prove the existence of a line bundle L, such that expL(v) verifies the
condition (16), i.e.,

gcd

(
r, (c1 + rL) ·H, s+

rL2

2
+ c1 · L

)
= 1 (21)

We will make use of Proposition 4.1 on the structure of the lattice NS(S).
Set q = gcd(r, c1 ·H) and we have

gcd

(
r, (c1 + rL) ·H, s+

rL2

2
+ c1 · L

)
= gcd(q, s+ c1 · L).

Let q1, . . . , qr be the distinct prime numbers dividing q. If for any i, we could
manage to find a line bundle Li ∈ NS(S) such that gcd(qi, s + c1 · Li) = 1, i.e.,
qi � s+ c1 · Li, then the line bundle

L :=
r∑

i=1

⎛⎝ai
∏
j 
=i

qj

⎞⎠ · Li

satisfies that qi � s+ c1 · L for any i, or equivalently, gcd(q, s+ c1 · L) = 1, where
ai’s are integers such that

∑r
i=1 ai

∏
j 
=i qj = 1.

As a result, one can assume that q = gcd(r, c1 ·H) is a prime number. Now,
if q = p, then by the hypothesis that the Mukai vector v is coprime to p, we know
that either p � s or there exists L0 ∈ NS(S) such that p � c1 ·L0. Then we can take
L to be the trivial bundle or L0 respectively. If q �= p and assume by contradiction
that gcd(q, s+ c1 · L) = q for all L ∈ NS(S). This means

q | s and q | c1 · NS(S).
Then, note that NS(S) is a p-primary lattice, the class c1 has to be divisible by q.
This is invalid because the vector v = (r, c1, s) is primitive by our assumption. �

Remark 4.9. The exceptional case where the Mukai vector is not coprime to p
possibly can only happen when p | 1

2 〈v, v〉. This is obvious when p > 2. When
p = 2, this follows from the fact that NS(S) is an even lattice of type I in the
sense of Rudakov–Šafarevič [82, § 2]. In other words, MH(S, v) is a smooth pro-
jective symplectic variety for any polarization H whenever MH(S, v) �= ∅ and
p � 1

2 (dimMH(S, v)− 2).

Next, we discuss the birational equivalences between moduli spaces MH(S, v)
when varying the stability condition. The following result is based on Bayer–
Macr̀ı’s wall-crossing principle in characteristic 0 (see [7]).

Theorem 4.10. Let S be a supersingular K3 surface over an algebraically closed field

k of characteristic p > 0. Let v1, v2 ∈ H̃(S) be two Mukai vectors that are coprime
to p (Definition 4.7). Let H and H ′ be two ample line bundles on S. Suppose that
v1 and v2 differ by a cohomological transform induced by an auto-equivalence of
Db(S) of the following form:

1. tensoring with a line bundle;
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2. spherical twist associated to a line bundle or to a sheaf of the form OC(−1) for
some smooth rational curve C on S;

Then MH(S, v1) is liftably birational to MH′(S, v2) in the sense of Definition 3.15.

Proof. This is indeed a special case of the wall-crossing principle for the moduli
space of stable complexes on K3 surfaces, which is proved in characteristic zero.
Over positive characteristic fields, the wall-crossing principle for K3 surfaces is not
completely known. But we can easily prove the assertion by lifting to characteristic
zero. Here we briefly sketch the proof: using the argument in Proposition 4.4, we
can find a projective lift (S,H,H′, v1, v2) of the tuple (S,H,H ′, v1, v2) over a
discrete valuation ring W ′ of characteristic zero whose residue field κ contains k.
This gives rise to projective liftings

MH(S, v1) → SpecW ′ and MH′(S, v2) → SpecW ′ (22)

of MH(Sκ, v1) and MH′(Sκ, v2) respectively as the moduli space of relative stable
sheaves on S over W ′ with the given Mukai vectors.

Let K ′ be the fraction field of W ′ and denote by SK′ the generic fiber of
S → SpecW ′. In our case, we can assume that the auto-equivalences of type (1)
or (2) can be lifted to W ′ by lifting additional line bundles. By [7, Corollary 1.3],
after possibly taking a finite extension of K ′, there is a birational map

MH′(SK′ , v1) ��� MH′(SK′ , v2) (23)

between the generic fibers of (22) defined over K ′. This completes the proof. �

Remark 4.11.

1. The result [7, Corollary 1.3] is originally stated over complex numbers, but
it is valid for any algebraically closed field of characteristic 0.

2. In general, one may consider the moduli space of Bridgeland stable complexes
on K3 surfaces. According to the wall-crossing principle, they are expected
to be birationally equivalent to the moduli space of stable sheaves considered
above. See [63] for more details.

4.4. Relating moduli spaces to Hilbert schemes

The goal of this subsection is to establish our main result Theorem 1.3 (ii). The
basic strategy is to exploit the elliptic fibration structure on supersingular K3
surfaces and to use the following result of Bridgeland.

Theorem 4.12 (Bridgeland [18]). Let π : X → C be a smooth relatively minimal
elliptic surface over an algebraically closed field K. We denote by f ∈ NS(X) the

fiber class of π. Given v = (r, c1, s) ∈ H̃(X) satisfying r > 0 and gcd(r, c1 · f) = 1,
then there exists an ample line bundle H and a birational morphism

MH(X, v) ��� Pic0(Y )× Y [n] (24)

where Y is an smooth elliptic surface.
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Moreover, if X is a K3 surface or an abelian surface, so is Y . The map
(24) can be chosen liftable (Definition 3.15) when char(K) > 0. In this case, the
assertions still hold even when π is only a quasi-elliptic fibration.

Proof. This theorem is due to Bridgeland [18] over the field of complex numbers
and his proof can be easily generalized to any algebraically closed field of char-
acteristic 0. See also [99, Appendix] for a proof over arbitrary characteristic for
elliptic surfaces without non-reduced fibers.

We sketch here a simplified proof when X is a K3 surface (resp. an abelian
surface), by using the wall-crossing results in [7] and [63], and we refer the reader
to [18, 99] for more details. As gcd(r, c1 · f) = 1, we can set (a, b) to be the unique
pair of integers satisfying

br − a(c1 · f) = 1 (25)

and 0 < a < r. As in [18], there exists an ample line bundle H ∈ Pic(X) such that
a torsion-free sheaf F with Mukai vector v is stable if and only if its restriction to
the general fiber of π is stable.

Let

Y := MH′(X, (0, af, b))

be the fine moduli space of stable sheaves of pure dimension 1 on X with Mukai
vector (0, af, b), where H ′ is a generic ample line bundle defined over K. Then Y
is a K3 surface (resp. an abelian surface) as well. Bridgeland’s work [18, Theorem
5.3] essentially shows that the universal Poincaré sheaf on X × Y induced an
equivalence Φ from Db(Y ) to Db(X) with Φ∗(1, 0, n) = v. This enables us to
conclude the assertion by using [7, Corollary 1.3].

When char(K) > 0, assume first X is a K3 surface with a (quasi-)elliptic
fibration. By the lifting result Proposition 4.2, there are a complete discrete valua-
tion ring W ′ of characteristic zero with residue field κ containing K, a K3 surface
X over W ′ with special fiber Xκ such that the geometric generic fiber has an
elliptic fibration. Hence, up to a finite extension of W ′, there is a birational map

MH(X , v) Pic0(Y)× Y [n]

SpecW ′

(26)

where Y = MH′(X , (0, af, b)). The special fiber Yκ of Y → SpecW ′ is exactly
MH′(Xκ, (0, af, b)), which is a smooth K3 surface. Then by taking their reduc-

tion, one can get MH(Xκ, v) and Pic0(Yκ)× Y
[n]
κ are birationally equivalent. This

proves the assertion. For abelian surfaces, as the lifting method is still valid (see
Proposition 6.4), the same argument allows us to conclude. �

As mentioned before, we need a more refined analysis of (quasi-)elliptic fi-
brations on supersingular K3 surfaces. The second key result is the following.
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Theorem 4.13. Let S be a supersingular K3 surface defined over an algebraic closed

field k with characteristic p > 0. Let v = (r, c1, s) ∈ H̃(S) be a Mukai vector that
is coprime to p. Then up to changing the Mukai vector v via the auto-equivalences
listed in Theorem 4.10, there exists a (quasi-)elliptic fibration π : S → P1 such that
gcd(r, c1 · E) = 1, where E ∈ NS(S) is the fiber class of π.

Proof. We carry out the proof in several steps.

Step 0. We claim that it suffices to show that there exists a primitive element
x ∈ NS(S) such that

x2 = 0 and gcd(r, c1 · x) = 1. (27)

This is because the solution x in (27) gives an effective divisor E on S with E2 = 0
and c1(E) = ±x. If the linear system |E| is base point free, then |E| defines a
(quasi-)elliptic fibration S → P1 as desired. If E is not base point free, one can
find a base point free divisor E′ with (E′)2 = 0 obtained by taking finitely many
Mukai reflections of E with respect to a sequence of (−2) curves C1, C2, . . . , Cn

on S, i.e., E′ = s[C1] ◦ s[C2] · · · ◦ s[Cn](E). Then we set

v′ = TOC1(−1) ◦ TOC2(−1) · · ·TOCn(−1)(v).

The Mukai vector v′ and the (quasi-)elliptic fibration S → P1 induced by |E′| thus
satisfy the desired condition.

Step 1. We reduce to the case c1 is primitive. First, if the vector (r, c1) ∈ Z⊕NS(S)
is primitive and c1 is not primitive, then c1 + rL will be primitive for some L ∈
NS(S). This means that we can replace v by the Mukai vector v′ = expL(v).
Similarly, if (c1, s) is primitive, one can get v′ = TL(v) satisfying the condition for
some line bundle L.

Suppose now the vectors (r, c1) and (c1, s) are both non-primitive, we can
write

r = q1r
′, c1 = q1q2c

′
1, s = q2s

′, (28)

such that (r′, q2c′1) and (q1c
′
1, s

′) are primitive, where r′, qi, s′ ∈ Z are non-zero
integers and c′1 ∈ NS(S). Then what we need is the following: find L ∈ NS(S) and
L2 = 0 such that the vector

(c1 + rL, s+
rL2

2
+ c1 · L) = (q1(q2c

′
1 + r′L), s+ c1 · L) (29)

is primitive because one can replace v by expL(v) and the same argument as above
works. To see the existence of such an L, note that

(q1, s+ c1 · L) = (q1, q2(s
′ + q1c

′
1 · L))

is always primitive, so it suffices to find a square zero element L such that the class
q2c

′
1 + r′L is primitive. This can be easily achieved because (r′, q2c′1) ∈ Z⊕NS(S)

is primitive by our assumption and the natural basis of NS(S) contains square zero
element (See Proposition 4.1).
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Step 2. Let us first assume that p � r. Suppose r is a prime number. Recall that
NS(S) is isomorphic to the lattice −Λσ(S) given in Proposition 4.1, we may have
two cases as below:

(1) If Λσ(S) contains a hyperbolic lattice U , we denote by {f1, f2} the natural

basis of U satisfying f2
1 = f2

2 = 0 and f1 · f2 = 1. We could find a basis of
NS(S) of the form the

f1, f2, v − 〈v, v〉
2

f1 + f2v (30)

for some v ∈ U⊥. Note that every element in (30) is square zero, so if there
is no solution of (27), we must have r | c1 ·NS(S). However, as c1 is primitive
and the lattice NS(S) is p-primary, it forces r = p which contradicts to our
assumption.

(2) If Λσ(S) contains U(p) with basis {f1, f2} satisfying f2
i = 0, f1 · f2 = p, the

primitive square zero elements

f1, f2, pv −
p 〈v, v〉

2
f1 + f2 (31)

can also form a basis of the p-primary sublattice

U(p)⊕ p(U(p)⊥) ⊆ NS(S).

Then the same argument shows that there must exists x ∈ U(p)⊕ p((U(p)⊥)
satisfying (27).

Combining (1) and (2), we prove the case when r is a single prime. In general,
for any positive integer r, let Ξ ⊆ Z be the collection of all prime factors of r. Let
X be the projective quadric hypersurface over Z defined by x2 = 0, which is
geometrically integral. We can view the desired element x ∈ NS(S) as a rational
point in X(Z). By weak approximation on quadrics (cf. [80, § 7.1 Corollary 1]),
the diagonal map

X(Z) →
∏
q∈Ξ

X(Zq) (32)

is dense if X(Z) �= ∅. Set

Uq = {x ∈ X(Zq)| x · c1 ∈ Z×
q } ⊆ X(Zq).

and we know that Uq is an open subset of X(Zq) if Uq �= ∅. From the discussion
above, Uq is non-empty for each q ∈ Ξ and hence it is an open dense subset.
Thus, there exists x ∈ X(Z) whose image via (32) lies in

∏
q∈Ξ

Uq. Then we have

gcd(x · c1, q) = 1 for all q ∈ Ξ from the construction, which proves the assertion.
If p � s, we can replace v by TOS(v). Then the same argument applies to TOS(v).

Step 3. Finally, if p | gcd(r, s), then we have p � c1 ·NS(S) by (∗). As in Step 2, we
only need to show U(Zq) is not empty for all q ∈ Σ. When q �= p, it is easy to see
U(Zq) �= ∅ via the same analysis.
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When q = p, note that p � c1 ·NS(S), the argument in Step 2 actually shows
that there exists an element x in (30) or (31) such that p � c1 ·x. This implies that
Up is non-empty and hence proves the assertion. �

4.5. Proof of Theorem 1.3

The assertion (i) follows from Proposition 4.4 (i) and (iii).
To prove (ii), assume that S is supersingular. By Theorem 4.10 and Theo-

rem 4.13, there exists v′ = (r′, c1(L), s′) ∈ H̃(S) for some r′, s′ ∈ Z and L ∈ Pic(S),
and a (quasi-)elliptic fibration π : S → P1 such that X = MH(S, v) is quasi-liftably
birational to MH(S, v′) and gcd(r′, c1(L) · E) = 1, where E is the fiber class of
π. Then one can invoke Bridgeland’s result Theorem 4.12 to see that X is quasi-
liftably birational to the nth Hilbert scheme of some K3 surface Y that is derived
equivalent to S. As supersingular K3 surfaces have no Fourier–Mukai partners
(cf. [53, Theorem 1.1]), actually Y � S. Therefore X is quasi-liftably birational
to the Hilbert scheme S[n]. Since S[n] is irreducible symplectic (Beauville’s proof
[11, § 6] goes through in positive characteristics), and unirational if S is, the same
properties hold for X .

For (iii), thanks to Proposition 3.14, two quasi-liftably birational symplectic
varieties have isomorphic Chow motives, hence it suffices to show that the Chow
motive of the Hilbert scheme S[n] is of Tate type for a supersingular K3 surface S.

To this end, we invoke the following result of de Cataldo–Migliorini [21] on
the motivic decomposition of S[n]: in the category of rational Chow motives,

h
(
S[n]

)
(n) �

⊕
λ�n

h
(
S|λ|

)Sλ

(|λ|),

where h is the Chow motive functor, the direct sum is indexed by all partitions of
n and for a given partition λ = (1a12a2 · · ·nan), its length |λ| :=

∑
i ai and

Sλ := Sa1 × · · · ×San .

As a result, we only need to show that the Chow motive of S is of Tate type.
This was proved for p ≥ 5 by Fakhruddin [27]. In general, if S is unirational,

there exists a surjective morphism P̃2 → S, where P̃2 is a successive blow-up

of P2 at points. Therefore h(P̃2) is of Tate type by the blow-up formula. Hence

h(S), being a direct summand of h(P̃2), must be of Tate type, too. Since the
unirationality of supersingular K3 surfaces is only know for Kummer surfaces and
remains open in general, we use the result proved by Bragg and Lieblich instead. By
[16, Proposition 5.15], every supersingular K3 surfaces S with Artin invariant σ(S)
is derived equivalent to a twisted K3 surface S′ with Artin invariant σ(S′) < σ(S)
(see also § 5). Thanks to [42, Theorem 2.1] (extended in [30, Theorem 1]), the Chow
motives of S and S′ are isomorphic. Now by induction on the Artin invariant, one
can show that the Chow motive of S is isomorphic to the Chow motive of a
supersingular K3 surface of Artin invariant 1, which is a Kummer surface. The
Chow motive of a supersingular Kummer surface is known to be of Tate type,
since it is unirational by Shioda [88] (or one simply uses Corollary 2.12).
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5. Moduli spaces of twisted sheaves on K3 surfaces

In this section, we extend our results in § 4 to the moduli spaces of twisted sheaves
on K3 surfaces.

5.1. Twisted sheaves on K3 surfaces

We mainly follow [54] and [16] to review the basic facts of twisted sheaves on K3
surfaces. Let S be a K3 surface over k and let S → S be a μm-gerbe over S.
This corresponds to a pair (S, α) for some α ∈ H2

fl(S, μm), where the cohomology
group is with respect to the flat topology. For any integer m, there is a Kummer
exact sequence

1 → μm → Gm
x �→xm

−−−−→ Gm → 1

in flat topology and it induces a surjective map

H2
fl(S, μm) → Br(S)[m]. (33)

Definition 5.1 (B-fields). For a prime � �= p, an �-adic B-field on S is an element
B ∈ H2

ét(S,Q
(1)). It can be written as α/�n for some α ∈ H2
ét(S,Z
(1)) and

n ∈ Z. We associate to it a Brauer class [Bα], defined as the image of α under the
following composition of natural maps

H2
ét(S,Z
(1)) → H2(S, μ
n) → Br(S)[�n], if � � p.

A crystalline B-field is an elementB = α
pn ∈ H2

cris(S/W )⊗K with α ∈ H2
cris(S/W ),

so that the projection of α in H2
cris(S/Wn(k)) lies in the image of the map

H2
fl(S, μpn)

d log−−−→ H2
cris(S/Wn(k)). (34)

See [43, I.3.2, II.5.1] for the details of the map (34). Then we can associate a
pn-torsion Brauer class [Bα] via the map (33).

Let us write B = α
r as either a �-adic or crystalline B-field of S → S, we

define the twisted Mukai lattice as

H̃(S ) =

{
ea/r(H̃(S)⊗ Z
); if p � m

ea/r(H̃cris(S/W )); if m = pn
(35)

under the Mukai pairing (15).

Definition 5.2. An S -twisted sheaf F on S is an OS -module compatible with the
μm-gerbe structure (cf. [52, Def 2.1.2.4]). With the notation as above, the Mukai
vector of F is defined as

vα/r(F) = ea/rchS (F)
√

tdS ∈ CH∗(S,Q).

where ea/r = (1, a/r, (a/r)
2

2 ) and chS (F) is the twisted Chern character of F
(cf. [54, 3.3.4]). It can be also viewed as an element in the twisted Mukai lattice

H̃(S ) via the corresponding cycle class map.

Similarly as in the case of untwisted sheaves, we say that H is general with
respect to v if every H-semistable twisted sheaf is H-stable.
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5.2. Moduli spaces of twisted sheaves

Definition 5.3 (cf. [52]). Fix a polarization H on a K3 surface S, the moduli stack
MH(S , v) of S -twisted sheaves with Mukai vector v is the stack whose objects
over a k-scheme T are pairs (F , φ), where F is a T -flat quasi-coherent twisted
sheaf of finite presentation and φ : detF → O(D) is an isomorphism of invertible
sheaves on X , such that for every geometric point t → T , the fiber sheaf Ft has
Mukai vector v and endomorphism ring k(t).

Theorem 5.4. Assume that char(k) = p > 0 and v = (r, c1, s) satisfies 〈v, v〉 ≥ 0
and r > 0. If H is general with respect to v, the moduli stack MH(S , v) has a

smooth and projective coarse moduli space MH(S , v) of dimension 〈v,v〉
2 + 1 if

non-empty. The coarse moduli space MH(S , v) is a symplectic variety and there
exists a canonical quadratic forms on the Néron–Severi group NS(MH(S , v)) such
that there is an injective isometry

(v⊥) ∩ H̃(S ) → NS(MH(S , v))⊗R. (36)

where R = Z
 or W depending on S as in (35). Moreover, there is an isomorphism

v⊥ ⊗K → H2
cris(MH(S , v)/K) (37)

as F -isocrystals. Here we regard v as an element in H∗(S/K) and v⊥ ⊗K is the
orthogonal complement with respect to the Mukai pairing.

Proof. Everything is known in characteristic 0 by Yoshioka [98, Theorem 3.16;
Theorem 3.19]. Similar to the untwisted case, as H is general, all the assertions
can be proved by lifting to characteristic 0 (see [20, Theorem 2.4]). We also refer
to [16] for the case where S is supersingular. �

Let us consider the case where S is supersingular. By [5], we know that the
Brauer group Br(S) is of p-torsion. In this case, there is an explicit description
of twisted Mukai lattice in [16]. This enables us to give a sufficient condition
for MH(S , v) to be smooth and projective. The following result is analogous to
Lemma 4.8.

Proposition 5.5. Suppose S is supersingular. If the Mukai vector v is coprime to
p with r > 0 and 〈v, v〉 ≥ 0, the coarse moduli space MH(S , v) is a symplectic
variety for any ample polarization H.

Proof. The non-emptyness again follows from [98, Theorem 3.16] (see also [16,
Proposition 4.20]). It suffices to show that H is general with respect to v. Since v
is coprime to p, up to change c1 by twisting a line bundle, we know that H and
v satisfy the numerical condition (16) by using the same argument in the proof of
Lemma 4.8. �

5.3. From twisted sheaves to untwisted ones

We show all our conjectures in the introduction for most moduli spaces of twisted
sheaves on K3 surfaces. The key result is Theorem 5.9, which shows that the
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moduli space MH(S , v) of twisted sheaves on S is quasi-liftably birational to
some moduli space of untwisted sheaves. To start, we have

Lemma 5.6. Assume that MH(S , v) is a symplectic variety. Then it is 2nd-Artin
supersingular if and only if S is supersingular.

Proof. Similar to the untwisted case, this follows from the isomorphism (37). �
By Lemma 5.6, we are reduced to consider the moduli space of (semi)-stable

twisted sheaves on supersingular K3 surfaces. Let D(1)(S ) be the bounded derived
category of twisted sheaves on S . If the gerbe S → S is trivial, then D(1)(S ) =
Db(S). The following result shows that every twisted supersingular K3 surface
is derived equivalent to a untwisted supersingular K3 surface, provided that the
Artin invariant is less than 10.

Theorem 5.7 (Untwisting). If σ(S) < 10, there is a Fourier–Mukai equivalence
from D(1)(S ) to Db(S′) for some supersingular K3 surface S′.

Proof. First, we claim that there exists primitive vectors τ ∈ H̃(S ) and w ∈ H̃(S )
satisfying the condition

τ2 = 0 and p � τ · w. (38)

Assuming this, we consider the moduli space MH(S , τ) for an ample line bundle
H . By [16, Theorem 4.19], MH(S , τ) is a Gm-gerbe over a supersingular K3
surface S′ = MH(S , τ) if non-empty. The universal sheaf induces a Fourier-Mukai
equivalence Φ : D(1)(S ) → D(−1)(MH(S , τ)). So it suffices to show that the gerbe
MH(S , τ) → S′ is trivial. By [16, Theorem 4.19 (3)], this is equivalent to find

a vector w ∈ H̃(S ) such that τ · w is coprime to p. Thus we can conclude our
assertion.

To prove the claim, write α = α0+L for some L ∈ NS(S) and [α0] the image
of α0 in Br(S). There are two possibilities:

(i) If L · NS(S) is not divisible by p, then we can find a primitive element E ∈
NS(S) such that E2 = 0 and p � L ·E. Then we take

τ = (0, [E], s) and w =
(
p, L, L2

/
2p
)
.

It follows that τ · w = L · E − sp is coprime to p.
(ii) If p | L · NS(S), then we can take τ = (p, c1, s) with c21 = 2ps and choose

w = (0, D, D·L
p ) for some D with p � c1 ·D. It follows that

τ · w = c1 ·D −D · L
is coprime to p. The existence of c1 and D can be also deduced from Proposi-
tion 4.1. When p > 2, as σ(S) < 10 and NS(S) contains a hyperbolic lattice
U , we can let fi, i = 1, 2 be the standard basis of U and take

c1 = f1 + pf2 and D = f2

as desired.

When p = 2, this is more complicated. The lattice NS(S) contains U only
when σ(S) is odd. If σ(S) is even, NS(S) contains U(2) as a direct summand
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instead. We claim that there exist an element y ∈ (U(2))⊥ such that y2 = −4 and
2 � y · NS(S). Assuming this, we can pick x ∈ U(2) with x2 = 4 and c1 ∈ NS(S)
with 2 � c1 · y, one can easily see that the classes D = x− y and c1 are as desired.
Then one can use the explicit description of NS(S) to prove the claim. For instance,
if σ(S) = 8, Rudakov and Šafarevič [82] showed that Λσ(S) is isomorphic to

U(2)⊕D⊕3
4 ⊕ E8(2),

where D4 and E8 are root lattices defined by the corresponding Dynkin diagram.
There certainly exists some element y′ ∈ D4 with (y′)2 = 2 and 2 � y′ ·D4. Then
we can select y = (y′, y′) ∈ D⊕2

4 with y2 = 4 and 2 � y ·D⊕2
4 which automatically

satisfies the conditions. Similar analysis holds when σ(S) = 2, 4 and 6. Here we
omit the details and left it to the readers. �

Remark 5.8. Theorem 5.7 can be viewed as a converse of [16, Proposition 5.15],
which says that every supersingular K3 surface is derived equivalent to a super-
singular twisted K3 surface with Artin invariant less than 10.

Theorem 5.9. Let v be a Mukai vector which is coprime to p. If the Artin invariant
σ(S) < 10, then MH(S , v) is quasi-liftably birational to MH′(S′, v′) for some

supersingular K3 surface S′, v′ ∈ H̃(S′) a Mukai vector which is coprime to p and
H ′ ∈ Pic(S′) an ample line bundle.

Proof. By assumption, as in the proof of Theorem 5.7, we can find τ ∈ H̃(S ) with
τ2 = 0 such that there is a Fourier-Mukai equivalence

Φ : D(1)(S ) → Db(S′),

where S′ = MH(S , τ). As before, we prove the birational equivalence from the
wall-crossing principle. As this remain unknown over positive characteristic fields,
we proceed the proof by lifting to characteristic 0. As in Theorem 5.4 (See also
[16, Theorem 4.19]), we take a projective lift

SW → SW ,H ∈ Pic(S), τW ∈ H̃(SW ), (39)

of the triple (SW → S,H, τ) over W for some discrete valuation ring W . Consider
the relative moduli space

MH(S , τW ) → Spec(W ), (40)

whose special fiber is the (untwisted) supersingular K3 surface MH(S, τ) shown in
Theorem 5.7. By [16, Theorem 4.19], we have a Fourier-Mukai equivalence

Φ : D(1)(Sη) → D(1)(MH(Sη, τη)), (41)

for the generic fiber of (39) and (40). Due to the wall-crossing theorem, there is a
birational map between the coarse moduli spaces

MH(Sη, v) ��� MH′(S ′
η, v

′), (42)

after possibly taking a finite extension of W , where v′ = Φ∗(v). Then we can
conclude the assertion by taking the reduction.
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Finally, we have to check that the Mukai vector v′ is coprime to p. This is
clear as the Fourier–Mukai transform does not change the divisibility of Mukai
vectors. �
Corollary 5.10. If the Artin invariant σ(S) < 10, then the moduli space MH(S , v)
is 2nd-Artin supersingular and all the same statements in Theorem 1.3 hold for
MH(S , v) as well.

Proof. As quasi-liftably birational symplectic varieties have isomorphic Chow mo-
tives by Proposition 3.14, Theorem 5.9 allows us to reduce to the untwisted case,
namely, Theorem 1.3. �

6. Moduli spaces of sheaves on abelian surfaces

6.1. Preliminaries on abelian surfaces in positive characteristics

Let A be an abelian surface defined over an algebraically closed field k of positive
characteristic p. For n ∈ Z, consider the multiplication-by-n map

nA : A → A,

which is separable if and only if p � n. When p | n, the inseparable morphism factors
through the absolute Frobenius map F : A → A. Denote by A[n] the kernel of nA.
The Newton polygon of H1(A) can be computed via the k-rational points of A[p]
and in particular,

• A is ordinary if A[p](k) ∼= (Z/pZ)⊕2;
• A is supersingular if A[p](k) = {0}.

Note that the above characterizations no longer hold for higher-dimensional abelian
varieties.

When A is a supersingular abelian surface, the Néron–Severi group NS(A)
equipped with the intersection form, is an even lattice of rank 6 with discriminant
equal to p2 or p4 (one could say that the Artin invariant is 1 or 2). As before, we
have the following description of the NS(A), in a parallel way to Proposition 4.1.

Proposition 6.1 ([82, § 2], [86]). Let A be a supersingular abelian surface defined
over an algebraically closed field of positive characteristic p. If disc(NS(A)) = p2,
then the lattice NS(A) is isomorphic to −Λ1, with

Λ1 =

⎧⎪⎨⎪⎩
U ⊕D4 if p = 2,

U ⊕ V
(p)
4,2 , if p ≡ 3 mod 4,

U ⊕H(p), if p ≡ 1 mod 4,

(43)

If disc(NS(A)) = p4, then the lattice NS(A) is isomorphic to −Λ2, with

Λ2 =

{
U(p)⊕D4 if p = 2,

U(p)⊕H(p), otherwise.
(44)

Here, U, V
(p)
4,2 and H(p) are the lattices defined in Proposition 4.1.
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We have the following simple observation.

Lemma 6.2. Any supersingular abelian surface admits a principal polarization.

Proof. Let A be a supersingular abelian surface. By Proposition 6.1, we know that
the Néron–Severi lattice NS(A) has two possibilities −Λ1 or −Λ2 given by (43)
and (44). In any case, we have a line bundle L with (L2) = 2. Replacing L by its

inverse if necessary, we see that L is ample. Since h0(A,L) = χ(A,L) = (L2)
2 = 1,

it is a principal polarization. �

Similarly to § 4.3, we need the following two types of auto-equivalences of the
derived category Db(A). Again, the same notation is used for a line bundle and its
first Chern class.

1. For any line bundle L on A, tensoring with L is an auto-equivalence

−⊗ L : Db(A)
�−→ Db(A).

The corresponding cohomological transform

expL : H̃(A) → H̃(A)

sends a Mukai vector v = (r, c1, s) to eL · v = (r, c1 + rL, s+ rL2

2 + c1 · L).
2. Choose any principal polarization of A (Lemma 6.2), which allows us to

identify A and Â. Let P be the Poincaré line bundle on A × A. Mukai’s
Fourier transform [65] gives an auto-equivalence:

Φ: Db(A)
�−→ Db(A)

E �→ Rp2,∗(p∗1(E)⊗ P),

where p1, p2 are natural projections from A×A to the factors. The cohomo-
logical Fourier transform was computed by Beauville [10, Proposition 1]: it
sends a Mukai vector (r, c1, s) to (s,−c1, r).

As an analogue of Theorem 4.13 in the case of supersingular abelian surfaces,
the following existence theorem of elliptic fibrations is a crucial step in the proof
of Theorem 1.4.

Theorem 6.3. Given a supersingular abelian surface A, we denote by H̃(A) the

(algebraic) Mukai lattice. Let v = (r, c1, s) ∈ H̃(A) be a Mukai vector that is
coprime to p. Then up to changing the Mukai vector v via the two types of auto-
equivalences recalled above, there exists an elliptic fibration π : A → E such that
gcd(r, c1 ·f) = 1 where f ∈ NS(A) is the fiber class of π and E is an elliptic curve.

Proof. The existence of elliptic fibration is equivalent to the existence of a square
zero element in NS(A) satisfying the coprime condition (note that there is no (−2)
curve on an abelian surface). The argument is similar to that of Theorem 4.13
with the following changes:

• replace NS(S) by NS(A);
• skip Step 0;
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• in Step 2 of the proof of Theorem 4.13, we used spherical twists to “changing
the roles” of r and s, more precisely, to switch between the Mukai vectors
(r, c1, s) and (s,−c1, r). Here for abelian surfaces, the structural sheaf is no
longer spherical; instead, we use Mukai’s Fourier transform Φ recalled above,
which has the same effect on Mukai vectors. �

Next, we need to slightly generalize the lifting results of Mumford, Norman
and Oort (cf. [69]) for the liftability of supersingular abelian surfaces together with
line bundles. The following result is analogous to Proposition 4.2.

Proposition 6.4. Let A be an abelian surface over a perfect field k of characteristic
p > 0. Suppose L1, L2 are two line bundles on A with L1 a separable polarization.
Then there exists a complete discrete valuation ring W ′ of characteristic zero which
is finite over W (k), and an abelian scheme that is a projective lift of A

A → Spec(W ′), (45)

such that rank NS(Aη) = 2 and the image of the specialization map

NS(Aη) → NS(A) (46)

contains L1, L2, where Aη is the generic fiber of A over W ′. In particular, every
supersingular abelian surface A admits a projective lift over W such that A is
isogenous to the product of elliptic curves.

Proof. Similar to the proof of Proposition 4.2, we first consider the case that
A is not supersingular. As in [53], let Def(A;L1, L2) be the deformation func-
tor parametrizing deformations of A together with L1 and L2. For simplicity, we
can assume that L2 is a separable polarization. By deformation theory of abelian
varieties, the formal deformation space Def(A) of A over W is isomorphic to

Spf(W [[t1, t2, t3, t4]]).

As inspired by Grothendieck and Mumford, each Li imposes one equation fi on
W [[t1, t2, t3, t4]] (cf. [76, § 2.3–2.4]) and the forgetful functor Def(A;L1, L2) →
Def(A) can be identified as the quotient map

W [[t1, t2, t3, t4]] → W [[t1, t2, t3, t4]]/(f1, f2).

Then it is easy to see that Def(A;L1, L2) is formally smooth over W (cf. [76, 2.4.1]
and [53, Proposition 4.1]). Since W is Henselian, the k-valued point (A;L1, L2)
extends to a W -valued point, giving a formal lifting. Moreover, the formal fam-
ily is formally projective. By the Grothendieck Existence Theorem, this lifting is
therefore algebraizable as a projective scheme, as desired.

If A is supersingular, as in [55, Lemma A.4], it suffices to show each triple
(A,L1, L2) is the specialization of an object (A′, L′

1, L
′
2) of finite height along a

local ring. In other words, we can deform an abelian surface in equal-characteristic
to a non-supersingular abelian surface. Consider the formal universal deformation
space

ΔA = Spec k[[x1, . . . , x4]]
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of A over k. Similarly as above, each line bundle Li determines a divisor in ΔA. The
complete local ring of ΔA at (X,L1, L2) is given by two equations f1, f2. Moreover,
since L1 is a separable polarization, the universal deformation (A,L1,L2) of the
triple (A,L1, L2) is

Spf k[[t1, . . . , t4]]/(f1, f2)

and it is algebraizable. Now, it is known that the supersingular locus in the defor-
mations of A has dimension 1 (cf. [51]). But the deformation space

T := Spec k[[t1, . . . , t4]]/(f1, f2)

has dimension at least 2 and hence can not lie entirely in the supersingular locus.
The generic point of T parametrizes a triple (A′, L′

1, L
′
2) with A′ of finite height.

This proves the assertion. �

6.2. Generalized Kummer varieties

Let A be an abelian surface over k and s : A[n+1] → A be the morphism induced
by the additive structure on A, which is an isotrivial fibration. By definition, the
generalized Kummer variety (see [11]) is its fiber over the origin:

Kn(A) := s−1(OA),

which is an integral variety of dimension 2n with trivial dualizing sheaf. It will be
a symplectic variety if it is smooth. We shall remark that different from the case of
characteristic zero, the generalized Kummer varieties over positive characteristic
fields can be singular and even non-normal (see [84] for some examples in char-
acteristic 2). In [84], Schröer raised the question when Kn(A) is smooth. Here we
partially answer this question.

Proposition 6.5. Kn(A) is a smooth symplectic variety if p � (n+ 1).

Proof. We first show the smoothness. After the base change (n + 1)A : A → A,
we obtain a trivialization of s : A[n+1] → A, i.e., there is a cartesian commutative
diagram

A×Kn(A)
ψn ��

��

A[n+1]

s

��

A
×(n+1)

�� A

(47)

Since p � (n+1), the map ψn is étale. Hence the smoothness of A[n+1] implies that
Kn(A) is smooth as well.

To show that Kn(A) is a symplectic variety, we first use the lifting argument
as in Proposition 4.4: by lifting A to an abelian scheme A over a base of charac-
teristic zero W , we obtain that the relative generalized Kummer variety Kn(A) is
a lifting of Kn(A) over W . The simple connectedness of Kn(A) is obtained from
the simple connectedness of the generic fiber of Kn(A) (a result known in char-
acteristic zero) together with the surjectivity of the specialization map of étale
fundamental groups [1, Exposé X, Corollaire 2.3].
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Finally, let us construct a symplectic form onKn(A). Fix a symplectic/canon-
ical form ω on A. We perform the construction of Beauville [11, Proposition 7]
to get a symplectic form on A[n+1], which restricts to an algebraic 2-form ωn on
Kn(A). We want to show that if p � (n+1), then ωn is nowhere degenerate, or equiv-
alently, ω∧n

n is nowhere vanishing. Since the canonical bundle of Kn(A) is trivial,
it suffices to show that ω∧n

n is non-zero at some point. At a point ξ ∈ Kn(A) rep-
resented by an (n+1)-tuple of distinct points {x0, . . . , xn} with

∑n
i=0 xi = 0 ∈ A,

the tangent space TξKn(A) is canonically identified with ker
(
T0A

⊕n+1 +−→ T0A
)

and the 2-form ωn at ξ is the restriction of the symplectic form (ω, . . . , ω) from
T0A

⊕n+1. The elementary lemma below shows that ωn is non-degenerate at ξ,
when p � (n+ 1). �

Lemma 6.6. Let (V, ω) be a symplectic vector space over a field of characteristic
p and m ∈ N. Let (ω, . . . , ω) be the induced symplectic form on V ⊕m. Then the

restriction of (ω, . . . , ω) to V m
0 := ker

(
V ⊕m +−→ V

)
is non-degenerate if and only

if p � m.

Proof. If p | m, then for any non-zero vector v ∈ V , we have (v, . . . , v) ∈ V m
0 is in

the kernel of the restricted 2-form: for any (v1, . . . , vm) ∈ V m
0

〈(v, . . . , v), (v1, . . . , vm)〉 =
m∑
i=1

〈v, vi〉 =
〈
v,

m∑
i=1

vi

〉
= 0.

If p � m, then we have the following section of the surjection V ⊕m +−→ V ,

V → V ⊕m

v �→
(

1

m
v, . . . ,

1

m
v

)
,

which respects the symplectic forms and gives rise to an orthogonal direct sum
decomposition V ⊕m = V ⊕ V m

0 . In particular, Vm
0 equipped with the restricted

2-form is a symplectic space. �

We have the following result concerning the motive of generalized Kummer
varieties.

Proposition 6.7. Let Kn(A) be a smooth generalized Kummer variety associated
to an abelian surface A. Then Kn(A) is 2nd-Artin supersingular if and only if A
is supersingular. Moreover, the supersingular abelian motive conjecture (see Con-
jecture A) and the supersingular Bloch–Beilinson–Beauville conjecture (see Con-
jecture B) hold for Kn(A).

Proof. Since the standard conjecture is known for generalized Kummer varieties,
the notion of 2nd-Shioda supersingularity is independent of the cohomology theory
used. Let us write X = Kn(A). For the first assertion, since H2(X) ∼= H2(A) ⊕
W (−1), the supersingularity of the F -crystal H2(X) is equivalent to the supersin-
gularity of the crystal H2(A), which is equivalent to the supersingularity of A.
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To prove the supersingular abelian motive conjecture, we use the following
motivic decomposition of Kn(A) (see [22], [29, Theorem 7.9] and [95]):

h(X)(n) ∼=
⊕

λ�(n+1)

h(Aλ
0 )(|λ|),

where λ runs through all partitions of n+1; for a partition λ = (λ1, . . . , λl), |λ| := l
denotes its length and

Aλ
0 :=

{
(x1, . . . , xl) ∈ Al |

∑
i
λixi = OA

}
.

Observe that Aλ
0 is isomorphic, as algebraic varieties, to the disjoint union of

gcd(λ)4 copies of the abelian variety Al−1, where gcd(λ) is the greatest common
divisor of λ1, . . . , λl. As a result, the motive of X is a direct sum of the motives
of some powers of A with Tate twists, precisely:

h(X)(n) ∼=
⊕
i

h(Ali−1)(li).

Since A is supersingular, h(X) is by definition a supersingular abelian motive. The
fully supersingular Bloch–Beilinson conjecture for X follows from Corollary 2.12.

To establish the supersingular Bloch–Beilinson–Beauville conjecture for X , it
remains to show the section property conjecture for it. But this is done in Fu–Vial
[31, § 5.5.2], where the argument works equally in positive characteristics. �

Finally, we show the RCC Conjecture for the generalized Kummer varieties:

Proposition 6.8. Let A be a supersingular abelian surface and n a natural number,
then the generalized Kummer variety Kn(A) is rationally chain connected.

Proof. The main input is Shioda’s theorem [88] that the Kummer K3 surface
K1(A) is unirational. Let us first consider the singular model of Kn(A), namely

K ′
n(A) := An+1

0 /Sn+1,

where An+1
0 :=

{
(x0, . . . , xn) ∈ An+1 |

∑
i xi = O

}
equipped with the natural

Sn+1-action by permutation. A typical element of K ′
n(A) is thus denoted by

{x0, . . . , xn}.
Now we show that any two points of K ′

n(A) can be connected by a chain of
unirational surfaces K ′

1(A) = A/−1. Indeed, for any {x0, . . . , xn} ∈ K ′
n(A) (hence∑

i xi = 0), let us explain how it is connected to {O, . . . , O}. Firstly, the image of
the map

ϕ1 : A/−1 → K
′
n(A)

t �→ {t,−t, O, . . . , O}
connects {O,O,O, . . . , O} and{x0,−x0, O, . . . , O}. Next, one can choose any u ∈ A
such that 2u = x0, then the surface

A/−1 → K
′
n(A)

t �→ {x0, t− u,−t− u,O, . . . , O}
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connects the two points:

{x0,−x0, O, . . . , O} and {x0, x1,−x0 − x1, O, . . . , O}

by taking t = −u and t = u+ x1 respectively. Continuing this process n times, we
connect {O, . . . , O} to {x0, . . . , xn} in K ′

n(A) by the unirational surfaces K ′
1(A).

In conclusion, K ′
n(A) is rationally chain connected. At last, note that we have a

birational morphism

Kn(A) → K ′
n(A) (48)

as the crepant resolution. As the exceptional divisors of (48) are rationally chain
connected (see also Remark 6.13), it follows that Kn(A) is rationally chain con-
nected as well. �

6.3. Moduli spaces of stable sheaves on abelian surfaces

Now we turn to the study of moduli spaces of sheaves on abelian surfaces and

their Albanese fibers in general. Given v ∈ H̃(A) and a general polarization H
with respect to v, we denote by MH(A, v) the moduli space of stable sheaves on
A with Mukai vector v. If we choose F0 ∈ MH(A, v), the Albanese morphism

alb: MH(A, v) → Pic0(A) ×A = Â×A,

F �→ (det(F )⊗ det(F0)
−1, alb(c2(F )− c2(F0)),

is an isotrivial fibration. The Albanese fiber is denoted by KH(v). If KH(v) is
smooth, it is of dimension 2n := 〈v, v〉 − 2, and is deformation equivalent to the
generalized Kummer variety Kn(A). The following result is similar to Proposition
4.4 for K3 surfaces.

Proposition 6.9. Let A be an abelian surface, H a polarization and v = (r, c1, s) ∈
H̃(A) a primitive element such that r > 0 and 〈v, v〉 ≥ 2. Denote 2n := 〈v, v〉 − 2.
Assume that p � (n+ 1). If H is general with respect to v, then

(i) MH(A, v) is a smooth projective variety of dimension 〈v, v〉 + 2 over k. Let
KH(A, v) be the fiber of its Albanese map

MH(A, v) → A× Â. (49)

Then KH(A, v) is a smooth projective symplectic variety of dimension 2n and
deformation equivalent to the generalized Kummer variety Kn(A).

(ii) When � �= p, there is a canonical quadratic form on H2(KH(A, v),Z
(1)).
Let v⊥ be the orthogonal complement of v in the �-adic Mukai lattice of A.
There is an injective isometry

θv : v⊥ ∩ H̃(A) → NS(KH(A, v)),

whose cokernel is a p-primary torsion group.
(iii) There is an isomorphism v⊥ ⊗K → H2

cris(KH(A, v)/W )K as F -isocrystals.
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Proof. Everything is known in characteristic zero (cf. [66], [97, Theorem 0.1]). For
fields of positive characteristic, the proof is the same as in the case of K3 surfaces
by the lifting techniques, with the following extra arguments for the smoothness
of KH(A, v) and the existence of the symplectic form on it. For the smoothness,
note that by Yoshioka [97, P.840], the base change of (49) by the multiplication-

by-(n + 1) map on A × Â becomes a trivial product. In other words, we have a
cartesian diagram:

KH(A, v)×A× Â MH(A, v)

A× Â A× Â.

pA×Â

ϕ

alb

×(n+1)

(50)

If p � (n + 1), then the multiplication-by-(n + 1) map is étale, and so is ϕ by
base change. Therefore, the smoothness of MH(A, v) implies the smoothness of
KH(A, v).

As for the symplectic form, let ω be the symplectic form on MH(A, v) con-
structed by Mukai [66]. If we know that H0(KH(A, v),Ω1) = 0, then by the

Künneth formula, there are 2-forms α and β on KH(A, v) and A× Â respectively,
such that

ϕ∗(ω) = p∗1(α) + p∗2(β), (51)

where p1 and p2 are projections from KH(A, v)×A× Â to KH(A, v) and to A× Â
respectively. Note that α = ω|KH(A,v). When p � (n + 1), ϕ is étale, hence ϕ∗(ω)
is nowhere degenerate. By (51), α (and β) must be nowhere degenerate as well,
providing a symplectic form on KH(A, v).

As we do not have a proof of the vanishing of H0(KH(A, v),Ω1) in general,
let us provide the following work around using lifting techniques. By Proposition
6.4, one can lift (A,H, v) to (A,H, v) over a characteristic zero base W ′. We have
the relative moduli spaces of stable sheaves M := MH(A, v) and K := KH(A, v),

together with a W ′-morphism ϕ̃ : K×W ′A×W ′ Â → M, in a way that the diagram
(50) is the reduction of the analogous diagram over W ′. Mukai’s construction
[66] gives a relative algebraic 2-form ω̃ ∈ H0(M,Ω2

M/W ′), which restricts to a

symplectic form ωη on the generic fiber and also to a symplectic form ω on the
special fiber MH(A, v). When p � (n + 1), ϕ̃ is étale, hence ϕ̃∗(ω̃) gives again a

symplectic form ϕ∗
η(ωη) on the generic fiber Kη ×Aη × Âη and a symplectic form

ϕ∗(ω) on the special fiber KH(A, v)×A× Â. Since there are no non-zero algebraic

1-forms on Kη, there exists an algebraic 2-form βη on Aη × Âη such that

ϕ∗
η(ωη) = p∗1(ωη|Kη) + p∗2(βη).

By reduction, there is an algebraic 2-form β on A× Â, such that

ϕ∗(ω) = p∗1(ω|KH(A,v)) + p∗2(β). (52)

As before, since ϕ∗(ω) is symplectic (by the fact that ϕ is étale when p � (n+ 1)),
(52) implies that ω|KH(A,v) is also symplectic. �
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By the same argument as in Lemma 4.8, we can always reduce to the case
where the polarization is general with respect to the Mukai vector, if the abelian
surface is supersingular:

Lemma 6.10. Let A be a supersingular abelian surface defined over an algebraically

closed field of characteristic p > 0. If v ∈ H̃(A) is coprime to p, then for any ample
line bundle H, by performing a derived equivalence of tensoring with a line bundle,
we have gcd(r, c1 ·H, s) = 1; hence H is general with respect to v.

Theorem 6.11 ([63, Theorem 0.2.11]). Let k be an algebraically closed field of

characteristic p > 0. Let A be a supersingular abelian surface over k. Let v ∈ H̃(A)
be a Mukai vector which is coprime to p. Let H and H ′ be two ample line bundles
on A. Then MH(A, v) is quasi-liftably birational to MH′(A, v).

Proof. The birational equivalence is exactly the assertion of [63, Theorem 0.2.11].
To show that this birational equivalence is liftable, we apply the lifting argument
in Theorem 4.10. The only thing one has to be careful with is that according to
Proposition 6.4, we can only lift a supersingular abelian surface with at most two
linearly independent line bundles to characteristic zero.

Note that tensoring with a line bundle on c1 would not change the moduli
space, therefore, we can assume that c1 = [H ′′] for some separably ample line
bundle H ′′ after twisting some sufficiently separable ample line bundle to c1. Using
the coprime condition, Lemma 6.10 then ensures gcd(r, c1 ·H, s) = 1. Thus we can
lift the supersingular abelian surface with line bundles H and H ′′. In this case,
the Mukai vector v can be lifted as well. So the same proof in Theorem 4.10 shows
that MH(A, v) is birationally equivalent to MH′′(A, v) via some liftably birational
map. Similarly, there is a quasi-liftably birational map MH′(A, v) ��� MH′′(A, v)
and the assertion follows. �

Now we can relate a moduli space of generalized Kummer type to generalized
Kummer varieties via birational equivalences as below.

Theorem 6.12. Let A be a supersingular abelian surface over an algebraically closed

field k of positive characteristic p. Let v = (r, c1, s) ∈ H̃(A) be a Mukai vector
coprime to p, with r > 0 and v2 ≥ 2, then there is a birational map

MH(A, v) ��� Pic0(A′)×A′[n+1] (53)

for some supersingular abelian surface A′ and n = v2

2 − 1. Moreover, when KH(v)
is smooth, there is a quasi-liftably birational equivalence

KH(A, v) ��� Kn(A
′). (54)

Proof. Let c1 = c1(L) for some line bundle L ∈ Pic(A) which we can assume to
be ample by tensoring with a sufficiently ample line bundle. Let E ∈ Pic(A) be
the line bundle which induces the elliptic fibration in Theorem 6.3. One can easily
prove that there exists a separable polarization H = L + nE ∈ Pic(A) for some
n ∈ Z≥0 (up to a replacement of L by L+ rL1 for some line bundle L1).
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Now, one can lift the triple (A,H,E) to characteristic 0 by Proposition 6.4.
Using the same argument as in Theorem 1.3, one can deduce (53) by using Theorem
6.11, Theorem 4.12 and a specialization argument. To see that A′ is supersingular,
note that MH(A, v) and Pic0(A′)×A′[n+1], being birational, must have isomorphic
Albanese varieties:

Â×A � Â′ ×A′,

which are supersingular. It follows that A′ is supersingular. The birational equiv-
alence (53) yields the following commutative diagram

MH(A, v) ∼ �����

alb

��

Pic0(A′)× A′[n+1]

(id,s)

��

Pic0(A)×A
� �� Pic0(A′)×A′

where the vertical maps are the isotrivial albanese fibrations, and the bottom
map is an isomorphism thanks to the general fact that a birational equivalence
between two smooth projective varieties induces an isomorphism between their
Albanese varieties. Now take any non-empty open subsets U in MH(A, v) and
V in Pic0(A′) × (A′)[n+1] which are identified under the birational equivalence
(53). By restricting to general fibers of the two isotrivial Albanese fibrations, this
induces an isomorphism of a non-empty open subset ofKH(A, v) to an open subset
of Kn(A

′), that is, a birational equivalence between them. �

Remark 6.13.

1. Similarly as in Remark 4.9, the coprimality assumption on v is automatically
satisfied if p � (12 dimKH(A, v) + 1).

2. The abelian surface A′ in Theorem 6.12 is derived equivalent to A. When A
is the product of elliptic curves, we know that A′ has to be isomorphic to A
(cf. [37]). In general, the supersingular abelian surface A′ is expected to be
isomorphic to either A or its dual A∨ (cf. [38]).

6.4. Proof of Theorem 1.4

Part (i) follows directly from Proposition 6.9 (i) and (iii). When A is supersingular,
as X is quasi-liftably birationally equivalent to the generalized Kummer variety,
we deduce that dimH2,0(X) = 1, i.e., X is irreducible symplectic.

For the RCC conjecture: according to the weak factorization theorem ([94, 2]),
a liftably birational transformation can be viewed as the reduction of a sequence
of blow-ups and blow-downs along smooth centers. As the exception divisors of
the blow-ups and blow-downs are projective bundles over the center, the rational
chain connectedness is preserved. Therefore, it follows from Theorem 6.12 that
when A is supersingular, X is also rationally chain connected.

Another way to prove the rational chain connectedness without using the
lifting argument is to exploit the fact that Kn(A

′) is “unirational surface chain
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connected”, as is shown in the proof of Proposition 6.8. We leave the details to
the interested readers.

Finally, the supersingular abelian motive conjecture follows from the combi-
nation of Theorem 6.12, Proposition 6.7 and Proposition 3.14. Therefore X satis-
fies the fully supersingular Bloch–Beilinson conjecture 2.7 by Corollary 2.12. As is
explained in § 3.5, to establish the supersingular Bloch–Beilinson–Beauville con-
jecture for X , it is enough to verify the section property conjecture 3.11 for X . But
this follows from that for Kn(A), which is established in Proposition 6.7, because
Proposition 3.14 provides an algebraic correspondence inducing an isomorphism
of Q-algebras between CH∗(X)Q and CH∗(Kn(A))Q which sends Chern classes of
TX to the corresponding ones of TKn(A).

6.5. A remark on the unirationality

Theorem 6.12 also provides us an approach to the unirationality conjecture for
generalized Kummer type varieties KH(A, v).

Corollary 6.14. Notation and assumption are as in Theorem 6.12. If A is supersin-
gular, then KH(A, v) is unirational if the generalized Kummer variety Kn(E×E)

is unirational for some supersingular elliptic curve E, where n = v2

2 − 1.

Proof. By Theorem 6.12, KH(A, v) is birational to Kn(A
′) for some supersingular

abelian surface A′. By [77, Theorem 4.2], for any supersingular elliptic curve E, A′

and E×E are isogenous. Therefore it suffices to see that for two isogenous abelian
surfaces A1 and A2, the generalized Kummer varieties Kn(A1) and Kn(A2) are

dominated by each other. To this end, we remark that B1 := ker
(
An+1

1
+−→ A1

)
has an isogeny to B2 := ker

(
An+1

2
+−→ A2

)
which is compatible with the natural

Sn+1-actions. Therefore K ′
n(A1) := B1/Sn+1 has a dominant map to K ′

n(A2) :=
B2/Sn+1. Hence Kn(A1) dominates Kn(A2). By symmetry, they dominate each
other. �

For each p and n, Corollary 6.14 allows us to reduce the unirationality conjec-
ture for moduli spaces of sheaves of generalized Kummer type to a very concrete
question:

Question 6.15. Let E be a supersingular elliptic curve. Is the generalized Kummer
variety Kn(E × E) unirational ?

This question remains open even in the case n = 2.
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3490.

Zhiyuan Li is supported by National Science Fund for General Program
(11771086), Key Program (11731004) and the “Dawn” Program (17SG01) of
Shanghai Education Commission.

References

[1] Revêtements étales et groupe fondamental (SGA 1), volume 3 of Documents
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